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On Multiscroll Chaotic Attractors in Hysteresis-Based
Piecewise-Linear Systems
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Abstract—This brief analyzes the multiscroll chaotic attractors
in hysteresis-based piecewise-linear systems. The dynamics of the
chaotic attractors are first analyzed. The unstable limit cycles and
the boundary conditions for the occurrence of chaotic behaviors
are derived. The sensitivity of systems parameters on the chaotic
behaviors is also studied, accompanied by a number of simulations.

Index Terms—Anti-control, chaos, hysteresis, limit cycles, piece-
wise-linear (PWL) systems.

I. INTRODUCTION

ENERATION of chaos using simple piecewise-linear
G(PWL) systems has been studied extensively due to
their potential applications in, for example, cryptography and
biology. A PWL-based random bit generator provides higher
security when used in image authentication and public key
cryptography [1], [2]. Motivated by fibrillation of the heart,
Newcomb er al. first studied the chaos generation using a
second-order linear system with hysteresis [3]. Saito er al.
conducted a series of studies in this topic [4]-[8]. Recently,
Bizzarri et al. gave a bifurcation analysis and experimental
validation of the hysteresis-based oscillators [9].

The hysteresis-based chaotic systems have a rather simple
structure, making them easier to study with simple tools. The use
of the describing function method for analyzing the hysteresis
oscillators was explored [10] and the oscillatory dynamics of
PWL systems with a single hysteresis was analyzed [11]. A
systematic approach for generating multiscroll chaotic attractors
using linear systems with switching functions was also proposed
[12]-[15] by using which the complexity of behaviors can be
increased systematically while maintaining the relative sim-
plicity of the underlying PWL systems. However, the dynamic
behaviors in this class of systems have not been fully analyzed.

In this brief, the dynamic behaviors of the multiscroll chaotic
systems based on the second-order linear systems with hys-
teresis series proposed in [13] are thoroughly analyzed. The ex-
istence of unstable limit cycles and the boundary conditions for
the occurrence of chaos are discussed. The sensitivity of systems
dynamics in systems parameters is also studied. Simulation re-
sults are presented to validate the results.
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Fig. 1. (a) Second-order linear system with a feedback of hysteresis-series.
(b) A hysteresis-series (n = 4).

This brief is organized as follows. Section II introduces the
hysteresis-series-based PWL systems. The dynamic behav-
iors of the chaotic attractors are investigated in Section III.
Section IV studies the existence of unstable limit cycles which
bound the basin of attraction as well as the boundary condi-
tions of the basin of attraction. Section V gives the sensitivity
analysis. Conclusions are drawn in Section VI.

II. HYSTERESIS-BASED PWL SYSTEMS

A hysteresis-based PWL system can be constructed using a
second-order linear system with a feedback of hysteresis-series
as shown in Fig. 1(a), which can be described as follows:

{izy (n)

Y= —a1T — a2y + a1u

where x and y represent the states, u is the nonlinear state feed-
back given by

u= H(z,n) = Zhysi(a:) 2)
i=1

where H(z,n) is the hysteresis-series as shown in Fig. 1(b), n
is the number of hystereses.

In order to guarantee the existence of the chaotic motion in
system (1), parameters a; and ao should satisfy

as <0
{a%—4a1<0 &)

which gives rise to a pair of complex conjugate eigenvalues with
positive real parts that result in useful oscillatory motions for
generating chaos. The trajectory of system (1) can be considered
as being governed by piecing together trajectory parts in the
(n+1) subspaces S; = {(x,y,u)|u = i},i=0,...,n centered

at the equilibrium points (0, 0), (1,0),. .., (n,0), respectively.

The solution of system (1) can be solved by defining a state
transformation in the 2th subspace

{w’(t) =x(t) — a1 H(z,i) = z(t) — a1@
y'(t) =y()
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Fig. 2. Trajectory of a five-scroll attractor in z-y-u space (o; = 1, o =
—0.125).

which transforms system (1) into the following form:

{%:y @)

Y = —arx’ —azy’.
The solution of system (4) is
X'(t) = et X (1)

where X' = [2/,y']T

Ao { 0 1 }
—a1 —a
X, n — ZE(to) — all':|
(to) [ y(to)
At st [cos(wt) — w1 sin(wt) w1 sin(wt)
€ =¢ —a1w ™t sin(wt) cos(wt) + dw™! sin(wt)

in which § = —a»/2, w = \/4a; — a3 /2.

Then the formal solution of system (1) can be obtained [see
(5) at the bottom of the page]. A five-scroll chaotic attractor
from system (1) is shown in Fig. 2 with a; = 1, as = —0.125,
n = 4.

III. DYNAMIC BEHAVIORS OF THE CHAOTIC ATTRACTORS

Because of the complex conjugate eigenvalues with positive
real parts, the linear part of system (1) enables a spirally diver-
gent motion which realizes the “stretching mechanism” while
the divergent motion in each subspace can be suppressed with
adequately selected hysteresis-series, which can be seen as the
“folding mechanism.” In this way, the trajectory of system (1)
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Fig. 3. Critical points around (z, 0) of system (1) (a; = 1, a; = —0.125).

can be guaranteed to evolve in different subspaces without con-
verging to any equilibrium point and to remain bounded glob-
ally. In this section, the dynamic behaviors of the chaotic attrac-
tors generated using system (1) with hysteresis-series (2) are an-
alyzed in detail.

A. Critical Points

There are some critical points that are important for analyzing
the dynamic behaviors of the hysteresis-based chaos generator.
Because the underlying dynamics is the same except that the
equilibrium points lie in different subspaces, without loss of
generality, the critical points in the ¢th subspace are analyzed
first, where 2 = 0, ..., n.

There are two critical points zy; and xr, ; (called the upper
and lower critical points, respectively) on the z-axis for the tra-
jectories around each equilibrium point (¢, 0) as shown in Fig. 3.
A trajectory starting from (zy 4, 0) evolves for 360° to arrive at
(i + 1,0). This is considered an extreme point as any trajectory
starting from a point on the x-axis greater than xy;; crosses ei-
ther the upper switching line x = ¢ 4+ 1 or the lower switching
line x = ¢ — 1, hence activating a new hysteresis function of
either hys, , (x) or hys;_; (), respectively, (by evolving less
than 360°). A trajectory starting from (zy, ;,0) evolves 180° to
arrive at (¢ — 1,0). These two critical points determine the fol-
lowing three typical cases of dynamics of system (1).

1) Case I: A trajectory starting from (z,0), where i <
zp < zy,i(1 = 0,...,n) lands on the positive z-axis (41, 0)
after evolving 360° around (i,0). 241 can be obtained from
(5) with initial condition (z,0), wt = 27

Tpt1 = a1 + (2 — ali)e‘s(%/“),

i=1,....,n. (6)
2) Case 2: A trajectory starting from (z, 0), where z7; <
zp < xr;(i=0,...,n) travels within the ith subspace until it
hits its upper switching line z = ¢ 4 1 (evolving between 270°
and 360°), then the function hys, , , () is activated.
3) Case 3: A trajectory starting from (zy, 0), where z7,; <
xr < i+ 1(: = 0,...,n) travels within the ith subspace until

’

z(t) = 271 (cos(w(t — tg)) — bw™ L sin(w(t — tg))) (z(to) — a4)
+wtebt=t0) sin(w(t — to))y(to) + ayi
y(t) = —arw™ et sin(w(t — to)) (z(to) — a1i)
+e2=10) (cos(w(t — to)) + bw™ L sin(w(t — to))) y(to)

i=0,...,m. 5)
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Fig. 4. Eight typical movements of system (1) in the zth subspace.

it hits its lower switching line x = ¢ — 1 (evolving between 90°
and 180°), then hys, _1(z) is activated.

The upper and lower critical points around each equilibrium
points (7, 0) can be calculated as

ny,L-:ali—f—e*&(z”/“’)(z’—i—l—ali), 1=1,...,n
(7
wpi=ayi—e 20/ (1 —1—ayi), i=0,...,n—1
(®)
For example, for a; = 1, ap = —0.125, and = = 1, zy,;, and

xr,; can be obtained from (5) as

wpg =14 e /) = 1,675
wpg =14e70/%) = 1821

The minimum and maximum values of z, i.€., T i, and Zax,
of the (n + 1)-scroll on z-axis can be obtained from (5)

Lmin — — eé(w/w) (9)
Tmax — a1 — ('n/ —-1- aln)eé(‘"/w). (10)
For example, for a1 = 1, as = —0.125, one has
Tmin = _1217, Tmax =N — Tmin = N + 1.217.

B. Poincaré Map of the (n + 1)-Scroll Attractors

We now use the Poincaré map to study system (1).

Sp={(z,y)y=0N(x—4) >0,z €8;,i=0,...,n}is
chosen as the Poincaré section, and the Poincaré map for system
(1) can be expressed by

41 = M(x;), 7=0,1,2, ... (11)
where z; and ;41 are coordinates of two consecutive points of
the system trajectory on Sp.

Because of the n hysteresis functions in the hysteresis-series,
the dynamics of system (1) can be seen as combination of sub-
dynamics of system (1) in (n+1) subspaces. There are basically
eight typical types of maps in each subspace S;(i = 0,...,n)
as shown in Fig. 4, which are defined as
($j+1;yj+1) = Fi,k(xj7yj)7 k= 0,....7,7=0,1,2,...
where Fjp(xj,y;) represents the map from (zj,y;) to
(j+1,Y;+1) in the ith subspace with kth type of map.
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Note that because of the properties of the hysteresis functions,
the trajectory in each subspace S; always starts on the switching
line (being switched from neighboring subplanes S;_; or S;y1)
x = 1, and it will be switched by either lower switching line
x = 1 — 1 or upper switching line x = ¢ + 1 depending on
their positions in relation to the two critical points 2y ; and z f, ;
when landing on z-axis. Each of the eight maps is continuous
and can be obtained using (5).

There are three typical scenarios of the Poincaré map M in the
(n+1) subspaces S; (i = 0, ..., n): the far left subspace S, the
middle subspaces (51, . . ., S,,—1) and the far right subspace S, .

In the far left subspace Sy (i.e., ¢ = 0 corresponds to the scroll
at the bottom in Fig. 2), for trajectories starting at (0, y;) being
switched from Sy, there is no lower switching line. Hence, the
system state evolves according to Cases 1 and 2 (discussed in
Section III-A) around equilibrium (0, 0). The following hitting
points can be calculated by the two maps:

{(le,O) = Fo,1(0,y;),
(17yj+1> = F0,3(07yj)7

AR (12-1)
Tjy1 > 1
where F{ 1(0, y;) stands for the subspace (i = 0) with the map
for k = 0, starting from (0, y;) to land on (241, 0). Fo 3(0, y;)
indicates trajectory starting from (0,y;) to land at (1,y;41).
Then, for starting points on the z-axis, the following hitting
points can be calculated using the following two maps:

0<.’17j §$U70

(2j+1,0) = Foo(z;,0),
{ Ty,0 < Tj <1 (12-2)

(1L,yj+1) = Fo2(z;,0),

where F{ o(z;,0) stands for the trajectory starting from (z;, 0)
to land at (41, 0) in the subspace (¢ = 0) with the map for
k = 0 (Case 1); Fy 2(z;,0) represents Case 2 for a trajectory
starting from (z, 0) to land at (1, y;4+1). The second equations
in (12-1) and (12-2) describe trajectories switched by upper
switching line x = 1.

In the middle subspaces S; (: = 1,...,n — 1), a trajectory
starting in the sth subspace travels between the neighboring sub-
spaces (either S;_1 or S; 1), being switched by either lower
switching line x = ¢ — 1 or upper switching line z = 7 + 1.
Cases 1~3 apply to this scenario. For trajectories switched from
S;—1, the following hitting points in S; can be calculated

{ (7j+1,0) = Fi (3, y;), wjp1 <i+1

Tjy1 >4+ L. (13-

(L + 17yj+1) = E,G(ivyj)7

For those trajectories switched from S; 1, the following hitting
points are calculated:

(7j41,0) = Fi1(4,5), T <i+1
(i41,yj41) = Fia(i,y;), xjp1>i+1 (13-2)
(1= Lyjp1) = Fiz(4,95), xj41 <i— 1

For those trajectories landing on the x-axis via (13-1) and
(13-2), the following hitting points can be obtained:

(.17]'_;_1./0) = Fi70($j70)7
(i + 1,yj41) = Fi2(;,0),
(L - 17yj+1) = Fi,S(xj70)7

1< T < Ty,
Ty < Tj; < TLs
rTri <Tj <i1+1.

(13-3)
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Fig. 5. Poincaré map of a five-scroll chaotic attractor, n = 4, vy = 1, s =
—0.125.

In the far right subspace S,,, the trajectories are symmetric
to those in Sy. For trajectories starting at switching line x = n
from S,,_1, there is no upper switching line. Hence, these tra-
jectories evolve according to Cases 1 and 3 around equilibrium
(n,0). The following hitting points can be calculated:

(j41,0) = Foa(n,y;). (14-1)

After hitting the z-axis, the following hitting points are
calculated:

{ (j+1,0) = Fno(z;,0),
(n - 17yj+1) = Fn,5(xj7 0)7
By combining the subdynamics of all subspaces together
and recording the consecutive points on Poincaré section, the
Poincaré map M can be constructed. The Poincaré map M
of a five-scroll attractor is shown in Fig. 5 (due to the tedious
expression of each map, their details are omitted here).
In Fig. 5, £ ax is the maximum value on the z-axis for the re-
gion covered by the scrolls. The trajectory of the five-scroll chaos
is bounded even though its equilibrium points are unstable.

n<z; <Trn

14-2
Tj > TLn- ( )

IV. BOUNDARY CONDITIONS OF BASIN OF ATTRACTION

There exists an unstable limit cycle (LC) which bounds the
basin of attraction of system (1). This section is devoted to the
study of the boundary conditions of the basin of attraction.

InFig. 5, point L corresponds to a trajectory of LC. If 7, <
Tp (xp is the positive z-coordinate of LC when y = 0), the tra-
jectory of system (1) will remain bounded. The trajectory of LC
can be determined by linking together subtrajectories in the n+1
subspaces separated by the n+1 switching linesz = 0,1,...,n
(corresponding to the n 4 1 hysteresis outputs). This cycle can
be derived by starting at X *(z,y) in a subspace and then let-
ting the trajectory travel across all subspaces successively until
it hits the same point X*(x,y) again. There are a number of
ways of calculating the LC. One simple way is to start at a point
(0,9, ) on the negative y-axis as shown in Fig. 6. According to
the symmetry, and to use the typical maps successively to find
the LC when it returns to the same point (0, y,)

Fr16(Fn26( F2,6(F1,6(F0,3(0,94))))) = (1, —Ya).
(15)
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X
Fig. 6. Trajectory starts close to the boundary of basin of attraction.
TABLE 1
COORDINATES ON - AND y-AXES OF LIMIT CYCLE (a1 = 1, az = —0.125)
NI 2 4 5 8 10 12
ya| —1.169 | -1.528 | -1.933 | —2.071 | —2.353 | -2.484 | —2.584
x| —1.295 | -1.693 | -2.139 | —2.295 | -2.606 | -2.752 | -2.861
yp| 1422 1.860 2.353 2.521 2.863 3.023 3.145
xp|  2.295 3.693 6.139 7.295 10.606 | 12.752 | 14.861

From the Poincaré map shown in Fig. 5, it can also be
observed that the LC is unique and unstable. Any trajectory
starting from either side of the LC will not converge to it. A
trajectory starting inside LC will stay within the area enclosed
by the LC. In this sense, the LC constitutes the boundary of the
basin of attraction. Some typical trajectories of the five-scroll
attractor are also shown in Fig. 6. Starting from initial condition
(0,2.30)(y» = 2.35), the trajectory will settle in scroll chaos
(see the region covered with scrolls in Fig. 6) after the following
mapping sequence: Fog, Fi6, Faog, F36, Fuu + Fus, F37,
Fyq7, Fi7, Fos, Fig, Foe, Fa6, Faa+ Fus, F37, For, F1 7,
Fy3, F1,6. For another initial condition (0, 2.45) which is
outside the LC, the trajectory will diverge to infinity.

The contour of LC can be determined if any particular point
on the LC is known. This can be done via a lookup table based on
Ya- Supposing that the LC starts on (0, %,), , can be obtained
from (5)

—1,6t
Tq = Yaw e’ sin(wt) i
{tan(wt) = —wst (16-1)
and based on z, and y,, x; and y; can be obtained with
-1

Y = _yae§7rw (16-2)
Ty =N — Tg.

With the specific parameters a; = 1, a; = —0.125, when

n=1,2,4,5,8, 10, and 12, respectively, the z, Y4, Tp, and yp
of (n + 1)-scroll attractors are shown in Table I. From Table I,
one can see an overall picture of LC with different n.

V. SENSITIVITY ANALYSIS

In this section, the sensitivity of the system parameters on the
dynamic behaviors is investigated.

The dynamics of system (1) depends on the parameters a;,
as, and n. The stability of system (1) can also be determined by
the relationship between =, and z; as shown in Fig. 6.
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Fig. 7. (@) Zmax and x;, versus § (n = 2). (b) Poincaré map of system (1), n = 2, oy = 1, az = —0.125. (c) Poincaré map of system (1), n = 2, ay = 1,

ay; = —0.1792.

A. n and ay Fixed, as Varies

When n and a; are fixed, both z; and z.,,.x vary with respect
to ag or 6 (6 = —ay/2). Based on (10) and (16), x;, decreases
and .5 increases with the increase of 6. x . and zp versus
6 when n = 2, a; = 1 are shown in Fig. 7(a) which clearly
demonstrates this phenomena. Therefore, the system dynamics
may change from bounded (chaotic) to unstable motion because
the size of the basin of attraction becomes smaller (z; decreases)
and z,,x becomes larger with the increase of §. The Poincaré
map of system (1) whenn = 2, a; = 1, ap = —0.125 is shown
in Fig. 7(b) which indicates z,.x < Ty, the trajectory stays
within the basin of attraction if the initial values are within it.
When § is increased to 0.0896 (a; = —0.179), the critical case
Tmax = &p appears. Its Poincaré map is shown in Fig. 7(c).
Point C in Fig. 7(a) corresponds to the critical point.

The conditions for the critical case can be obtained with (10)
and (16) as

bmjw -1 . .6t ;
{ e Yaw ' - € sin(wt) 17

tan(wt) = —wéL.

When a; = 1, n = 2, one can obtain, for 6 = 0.0896 (as =
—0.179), Thmax = xp = 3.326. If as is further decreased, the
trajectory will escape from the basin of attraction, the unstable
dynamics appears.

B. a1 and ao Fixed, n Varies

When a1 = 1 and as is fixed Tmax 5 = 1 + ya(n) =
n + A(n) with the increase of n, the system will change from
an unstable motion to a bounded motion because the increase
of xp is larger than that of x,,x. For example, when n = 2,
a1 = 1, as = —0.2, the trajectory of system (1) is unstable. If
n is increased to 4, a1 and a9 are kept unchanged, the size of
the basin of attraction will increase faster than that of x,,.,, and
chaos will appear.

VI. CONCLUSION AND FUTURE WORK

In this brief, the dynamic behaviors of multiscroll chaotic
attractors in the hysteresis-based second-order linear systems
have been thoroughly studied with a number of simulations pre-
sented to validate the analysis.

Chaotic cryptosystems have the potential in improving bio-
metric image related security [16], [17]. Our future work will

focus on improving unpredictability of the encrypted image [18]
using the idea of true random bit generator [1].
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