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Abstract

In this paper, the selection of H
=

weighting functions for general practical applications is investigated. It is shown that an
H
=

weighting function for a single-input}single-output (SISO) plant can be obtained by considering a series of connections of
elementary low-order plants. For a constrained control e!ort, an explicit weighting function expression is derived for the "rst time.
A novel method for the selection of weighting functions in H

=
mixed sensitivity design is proposed to control the percentage

overshoot directly. An example illustrating how the transient response of a standard H
=

design is improved by using the proposed
weighting functions is provided. Finally, real-time experimental results are presented for the roll-angle control of a laboratory-scale
physical model of a vertical take-o! aircraft. ( 2000 Elsevier Science Ltd. All rights reserved.
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1. Introduction

In practical applications of H
=

-optimal control, one of
the major di$culties is how to select suitable weighting
functions that incorporate both stability and perfor-
mance requirements. The results of the design will de-
pend strongly on these weighting functions, no matter
what kind of algorithm is used to compute the controller.
Some interesting results on this topic are found in the
literature (Postlethwaite, O'Young, Gu & Hope, 1987;
Postlethwaite, Tsai & Gu, 1990; Garg & Ouzts, 1991;
Garg, 1993; Ki!meier & Unbehauen, 1993; Ki!meier,
1994; Yang, Ju & Liu, 1994a; Yang, Tsai & Lee, 1994b;
Kneppova, Ki!meier & Unbehauen, 1995; Hu, Un-
behauen & Bohn, 1996; Hu, Bohn & Wu, 1999; to name
just a few). Unfortunately, no explicit formula to choose
weighting functions is proposed, except in the works of
Garg (1993), Hu et al. (1996, 1999). Instead, weighting
functions are usually determined experimentally to meet
performance speci"cations (see, for example, Yang et al.,
1994a, b; Kneppova et al., 1995). However, for a practical

design problem the choice is not trivial, which hinders the
great potential of the H

=
control approach in real-life

applications. Therefore, the best way would be to provide
a basic form for the weighting functions that re#ect basic
system speci"cations, and, more importantly, that gives
designers a simple way to do trade-o!s. In light of this,
the work in this paper does not intend to provide a uni-
versal formula for all cases, nor does it provide a simple
trial and error method. Instead, it provides explicit for-
mulae for typical plants that more complicated cases
have roots in. They may serve as a good starting point
even in a very sophisticated H

=
design task. The work

presented here is an extension of the work in Hu et al.
(1996, 1999).

The problem of the high order of the resulting control-
ler is alleviated by a balanced realization model reduc-
tion technique (Moore, 1981). Other interesting topics,
such as systematic H

=
weighting function selection for

unmodeled dynamics, disturbances, and advanced model
reduction techniques for high-order H

=
controllers, are

not addressed in this paper. Conventional methods are
simply adopted whenever these issues are encountered.
For a more in-depth discussion of these issues, interested
readers may refer to the listed references (Garg & Ouzts,
1990; Garg, 1993).
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Fig. 1. Mixed sensitivity S/R/¹ design.

Fig. 2. General H
=

control problem.

The remainder of this paper is organized as follows.
In Section 2, uncertainty weights for typical low-order
plants are derived. Then it is shown that an explicit
formula can be directly obtained for a general SISO plant
that consists of these elementary low-order plants. In
Section 3, an explicit weighting function expression is
derived to take into account actuator position and rate
constraints, assuming that the delay term is approxi-
mated by a "rst-order Pade expansion. Then, a basic
form is suggested for the weighting function. Using this
approach, the system steady-state performance and
bandwidth can be adjusted independently, which is
superior to the popular approach of `Constrained
H

=
Control Designa (CHCD) (Postlethwaite et al., 1987,

1990). Furthermore, a novel procedure is proposed to
modify the weighting function in order to control the
percentage overshoot directly. In Section 4, the method
presented here is elaborated upon by a roll-angle control
design of a laboratory scale vertical take-o! aircraft (with
nonlinear characteristics neglected). A comparison is
made by using the standard H

=
design method and the

method proposed in this paper. The results of a real-time
control experiment with a controller obtained by the
proposed method is also presented. Section 5 is devoted
to the conclusion.

2. Weighting functions for parametric uncertainties

From an engineering point of view, it is extremely
di$cult to give an explicit and versatile formula or to set
direct rules on how to choose H

=
weighting functions,

due to the enormous variety of di!erent practical prob-
lems. However, many complex systems can often be
considered as a combination of equivalent and typical
low-order plants. Providing some de"nite rules for some
of these plants will certainly be of great interest to control
engineers. The plants that will be discussed in this section
are a "rst-order lag (P¹

1
), a "rst-order plus dead time

process (P¹
1t

), a second-order system with real poles and
dead time (P¹

2t
), and second-order oscillatory system

(P¹
2S

). The extension to general SISO plants is also
discussed.

2.1. Preliminaries

To begin with, consider a standard mixed sensitivity
S/R/¹ design (Postlethwaite et al., 1987) shown in Fig. 1.
=

e
(s), =

u
(s), and=

y
(s) are weighting functions for the

sensitivity matrix function S(s), the control signal sensi-
tivity matrix function R(s), and the complementary
sensitivity matrix ¹(s), respectively, where S"(1#GC)~1,
R"CS, ¹"GC(1#GC)~1 and S#¹"1. G is the
plant, and C is the controller. The mixed sensitivity

S/R/¹ design is formulated as

DDF(P,C)DD
=
"KK
=

s
S

=
u
R

=
y
¹KK

=

(1, (1)

where P, C are depicted in a general H
=

control problem
shown in Fig. 2, and P represents the generalized plant
(Doyle, Glover, Khargonekar & Francis, 1990)
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P
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P
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P
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P
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D
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D
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2.2. H
=

weighting function selection

Throughout this paper, the `DGKFa (Doyle et al.,
1990) algorithm is used to compute H

=
-optimal control-

lers. Typical plants P¹
1
,P¹

1t
, P¹

2t
, and P¹

2S
are inves-

tigated "rst. For simple typical SISO plants P¹
1
, P¹

1t
,

and P¹
2t

with parametric uncertainties, it is not di$cult
to verify that the weighting functions given in Table 1 can
cover the uncertainty.

Now, consider a more complex P¹
2S

plant given by

G(s)"
Ku2

n
u2

n
#2du

n
s#s2

, (3)

where K is the steady-state gain, d is the damping
factor, and u

n
is the natural frequency. The following
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Table 1
Weighting functions for elementary plants with parametric uncertainties
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Fig. 3. Uncertainty region and upper bound.

uncertainties are assumed
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The multiplicative error becomes

G!G
0
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. (5)

The general shape of the amplitude D(G!G
0
)/G

0
D of (5)

for varying values of all three parameters K,u
n
, and d is

shown in Fig. 3 by the dotted curve.
To construct an uncertainty weighting function, the

starting point would be an upper bound in the frequency
region up to the "rst peak. One simple way is to "nd an
approximate peak. A weighting function that acts as such
an upper bound for this peak is found by substituting the
lowest natural frequency, the smallest damping into
the denominator of (5) and using the upper bound of the

numerator of (5), which leads to

=
y
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To modify the uncertainty weighting function=
y
so that

it will cover the whole frequency, two extra zeros are
added. Hence, it results in the new uncertainty weighting
function

=@
y
(s)"=

y
(s)(¹s#1)2. (7)

The two additional zeros are chosen so that the modi"ed
weighting function becomes almost exactly the upper
bound, and thus includes the peak of the maximum
uncertainty at the highest frequency. Here, this highest
peak can be obtained approximately by substituting the
highest natural frequency u

n.!9
, the smallest damping

d
.*/

, and the maximum gain K
.!9

into (6) and by "nding
the frequency at which the resulting transfer function
attains this peak. As a result, (6) becomes
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"
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3
s2
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and for s"ju

DE@( ju)D2"
a2
1
u2#(a

0
!a

2
u2)2

b2
1
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0
!b

2
u2)2
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To "nd the peak point, let x"u2 and set

f (x)"
a2
1
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0
!a

2
x)2
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1
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0
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2
x)2
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d f

dx
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Therefore, the maximal peak frequency is given by

u
pr
"S!B#JB2!4AC

2A
. (12)

To satisfy D=@
y
( ju

pr
)D"DE@( ju

pr
)D, ¹ is obtained as

¹"

1

u
pr
S

DE@( ju
pr

)D
D=

y
( ju

pr
)D
!1. (13)

Many simulation examples demonstrate that the uncer-
tainty weighting covers the uncertainty region as shown
in Fig. 3.

Extension to a general SISO plant: Obviously, a general
SISO plant can always be obtained by a product of the
following elementary units (D'Azzo & Houpis, 1995):

(i) K,
(ii) e~qs,
(iii) 1/(¹s#1),

(iv) ¹s#1,
(v) u2

n
/(u2

n
#2du

n
s#s2),

(vi) (s2#2du
n
s#u2

n
)/u2

n
,

(vii) 1/s,
(viii) s.

Items (i)}(iii) can be replaced by one P¹
1t

unit. The
uncertainty weighting functions for these elementary
units are either given in the previous sections or can be
obtained by a minor modi"cation of the given results.
Assume that a general SISO plant with parameter uncer-
tainties is expressed by

G(s)"
K(¹

1
s#1)e~qsu2

n2

sm(¹
2
s#1)(s2#2du

n
s#u2

n
)2

, (14)

or more generally

G(s)"
1

sm
n

<
i/1

g
i
(s), (15)

where g
i
(s) is one of the above-de"ned elementary units.

Let

G(s)"G
0
(s)(1#=

y
*D DD*DD

=
)1), (16)

g
i
(s)"g

i0
(1#=

yi
*
i
D DD*

i
DD
=
)1), (17)

as shown in Fig. 4.
The general plant with parameter uncertainty can be

expressed as (15).
This yields

G
0
(s)(1#=

y
*)"

1

sm
n

<
i/1

g
i0

(1#=
yi
*
i
) (18)

"

1

smA
n
<
i/1

g
i0B(1#=y1

*
1
#=

y2
*
2

#=
y1
=

y2
*
1
*
2
#2). (19)

Since

*Q*
1

Q*
2

Q2*
n
Q*

1
*
2

Q2, (20)

from (19), it holds that

G
0
(s)"

1

sm
n
<
i/1

g
i0

. (21)

Then the weighting function is obtained as

=
y
(s)"

n
<
i/1

(1#=
yi
(s)). (22)

Remark 1. Many high-order systems are physically com-
posed of these elementary components. No extra e!ort is
needed for decomposition in these cases. When an intact
physical component does not belong to any one of these
elementary components, it can be decomposed into an
individual elementary unit. Such decomposition resembles
mode separation. Each mode normally corresponds
to a type of physical phenomenon. There are many
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Fig. 4. Decomposition of a general SISO plant.

high-order systems that "t this structure nicely. Here are
a few practical examples: a typical "fth-order tape-drive
system; a fourth-order system for the lateral and longitu-
dinal control of a Boeing 747 (Franklin, Powell & Naeini,
1994); a fourth-order system for the position control of
a space-vehicle camera (D'Azzo & Houpis, 1995). In fact,
the Bode plot method uses the same decomposition tech-
nique for the identi"cation and control of high-order
systems (D'Azzo & Houpis, 1995). One advantage of this
decomposition technique in constructing the weighting
function is that physical phenomena can be re#ected at
mode-level.

Remark 2. It is very di$cult to provide an explicit
weighting function for a high-order system with paramet-
ric uncertainties. In the scheme proposed here, as in-
dicated by (22), an explicit weighting function is derived
by simple multiplication and addition once a decomposi-
tion is carried out as indicated in Remark 1.

3. A new approach to H
=

weighting function selection

In engineering applications, the percentage steady-
state error e

=
is commonly used to represent the steady-

state performance requirements. The important transient
performance requirements include the rise time, the over-
shoot, and the settling time. The goal, therefore, is to
select appropriate and versatile weighting functions to
portray these requirements.

3.1. Performance weighting function selection

For a plant without an integrator, the following form
for=

e
(s) is suggested

=
e
(s)"j

s#ok
1

s#q
1

, k3M0, 1N. (23)

When the parameter k is set to 1, the formula
1/j"1/=

e
(R) represents the ampli"cation factor of

a disturbance at high frequencies, that is, the disturbance
rejection ability of the system at high frequencies.
e
=
"1/=

e
(0)"q

1
/jo

1
is the steady-state error (if zero

steady-state error is required, q
1

must be chosen as zero).
Parameter k will be set to zero when a high-frequency
disturbance is not considered. Obviously, with the in-
crease of o

1
, e

=
will decrease. For transient behavior, no

general formulae that express the dependence between
the overshoot/rise time and the frequency response are
available. All that is known is that the response time is
roughly inversely proportional to the bandwidth, and the
overshoot depends on the peak magnitude and the roll-
o! rate of the frequency response.

Let u
e

be the crossover frequency of=
s
(s) and u

b
the

bandwidth, then

u
e
+u

bS
2(jo

1
)2!q2

1
1!2j2

, j(
1

J2
. (24)

In practice, one can increase o
1

to get the widest possible
bandwidth. When the plant has a /-multiple integrator,
(23) should be altered. From (1), DD=

e
SDD

=
"

DD=
e
(I#GK)~1DD

=
(1, then in (23), q

1
should be 0,=

e
(s)

should have at least a /-multiple pole at the origin,
otherwise the sensitivity S(s) at low frequencies cannot be
shaped. If=

e
(s) has a c-multiple pole at the origin, then

the resulting H
=

controller would possess a (c}/)-mul-
tiple integrator. The attention of the reader is now drawn
to the following point. For simplicity, consider the
following weighting function:

=
e
(s)"j

s#o
1

s
. (25)

In this case, the di!erence between the method proposed
and the aforementioned CHCD is portrayed in Figs. 5
and 6. The widely used CHCD is shown in Fig. 5. During
the design phase, the parameter o

1
is kept "xed, and the

parameter j is increased as much as possible. This would
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Fig. 5. CHCD tuning: j is increased while o
1

is "xed (q
1
"0).

Fig. 6. Proposed method: o
1

is increased while j is "xed at each stage
(q

1
"0).

Fig. 7. Characteristic response of the actuator signal u(t) due to a step
input of magnitude m.

simultaneously force the system bandwidth and the dis-
turbance attenuation ability of the system at high fre-
quencies to increase in an unknown and interrelated way,
rendering contradictory results, i.e., there would be an
improvement of one criterion at the expense of the de-
terioration of another one. In Fig. 6, the adjustment of
system bandwidth and disturbance attenuation at high
frequencies are separate. It is all-too-natural for control
engineers to make bandwidth as wide as possible, observ-
ing, of course, other physical constraints and the stability
requirements imposed by the uncertainty weighting
function. Designers could make easy trade-o!s with this
method.

3.2. Selection of the controlled signal weighting
function =

u
(s)

Practically, an actuator always has position and rate
limit constraints. Hence, it is important to use a suitable
weighting function to represent these constraints. This
problem has already been addressed by several authors
(Postlethwaite et al., 1987, 1990; Garg & Ouzts, 1991;
Garg, 1993; Ki!meier & Unbehauen, 1993; Ki!meier,
1994; Yang et al., 1994a, b; Kneppova et al., 1995; Hu
et al., 1996, 1999, to name just a few), but no direct result
or explicit formula has been given except in the works of
Garg (1993), Hu et al. (1996, 1999). Garg (1993) has
modi"ed the cost function of the conventional mixed
sensitivity design by augmenting the normal control sen-
sitivity function R(s) with an additional control signal
rate function. In this paper, a simple, de"nite weighting

function is proposed to incorporate both position and
rate limits without changing the cost function of the
conventional mixed sensitivity design. It is assumed that
the delay can be approximated by a "rst-order expan-
sion. Suppose that the maximal position of an actuator is
;
0

and its rate limit is <
0
. Assume that these constraints

should be met when the system is subject to a step input
of magnitude m. Then, one can choose a special u(t),
a limit response to a step input of magnitude m, to cover
all possible control signals as illustrated in Fig. 7.

From Fig. 7, it follows that

u(t)"G
<
0
t, 0)t)t

0
,

;
0
, t

0
)t)R.

(26)

Then, the Laplace-transformation of u(t) is given by

;(s)"P
=

0

u(t)e~st dt"
<

0
s2

!

<
0

s2
e~t0 s, t

0
"

;
0
<
0

. (27)

Using the "rst-order Pade approximation

e~st0+A1!
st

0
2 BNA1#

st
0

2 B (28)

yields

;(s)"
;

0
s A1#

;
0

2<
0

sB
~1

. (29)

It is obvious that

1

s
mR(s)"

;
0

s(1#(;
0
/2<

0
)s)

PR(s)

"

;
0
/m

1#(;
0
/2<

0
)s

. (30)

Therefore, referring to (1), the control signal weighting
function could be chosen as

=
u
(s)"

m

;
0
A1#

;
0

2<
0

sB. (31)

When only a maximal bound, i.e., Du(t)D);
0
, is required,

<
0

should be set to R, which gives

=
u
(s)"

m

;
0

. (32)
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This process possesses a physical interpretation that is
clearly shown in Fig. 7. Since a step input is the most
commonly used signal, the weighting function expressed
by (31) is very useful. For other types of input signals,
they can be viewed as "ltered outputs of a step input.
Obviously, the transfer function of this "lter can be
obtained as sLMInputN, where LM ) N is a Laplace-
transformation.

The authors are aware that from a mathematical point
of view (31) might not hold for all cases. This is because
from DX

1
( ju)D*DX

2
( ju)D one cannot generally infer

that x
1
(t)*x

2
(t). Instead, one would have to check the

positive de"niteness of X
1
( ju)!X

2
( ju) to guarantee

x
1
(t)!x

2
(t)*0 (Solodownikov, 1971). Nevertheless, the

approach under discussion should still be used since (31)
should hold for many practical problems. This is because
the control signal weighting function is required to de-
scribe two factors, namely the maximum position bound
;
0

and the maximum speed <
0
. The simple form of (31)

could meet these requirements in most cases. For the
maximal bound requirement ;

0
, this is obvious. It is

known that the response time (rise, or settling time) is
inversely proportional to the bandwidth (or the cross-
over frequency) of the transfer function. From Fig. 7, the
response has the shortest response time, i.e., (31) has
possibly the highest cross-over frequency or corner fre-
quency. This means that all control signal responses with
a maximal speed less than <

0
and/or response time less

than that of Fig. 7 are mostly covered by (31). On the
other hand, simulations are always an integral part of
any control system's design, and for the cases in which
this procedure might fail, (31) might still serve as a good
starting point for the selection of a weighting function.

3.3. Direct control of percentage overshoot

Although the steady-state performance can be easily
translated into the plot of G

w
( ju), this does not hold for

the transient-response performance speci"cations. For
a simple second-order system

G
w
(s)"

u2
0

s2#2du
0
s#u2

0

, (33)

the relationship between the percentage overshoot of the
step response and the peak magnitude of the frequency
response is given by

e
.!9

"expA!DG
w
D
.!9

pA1!S1!
1

DG
w
D2
.!9
BB, (34)

which can easily be veri"ed to be a monotonously in-
creasing function. When the peak magnitude DG

w
D
.!9

of
the frequency response decreases, the damping ratio
d will increase, causing the overshoot e

.!9
to decrease.

From (33), the minimum value of the peak magnitude
DG

w
D
.!9

of the frequency is equal to 1, so the minimum

percentage value of overshoot e
.!9

can be as small as
4.3% by pressing down the peak magnitude DG

w
D
.!9

of
the frequency response. The transient response of a com-
plex system can often be considered the result of an
equivalent second-order system, and this approximate
solution is especially su$cient for determining the peak
overshoot (D'Azzo & Houpis, 1995). On this basis, (34)
holds approximately for a general system with a domina-
ting pair of poles.

To obtain good performance, high open-loop gain at
low frequency is needed. Note that the complementary
sensitivity function

¹(s)"
G(s)K(s)

1#G(s)K(s)
(35)

is nearly equal to 1 at very low frequencies, i.e., ¹( j0)"1
when integral action is used. Referring to (35), with the
replacement of the closed-loop transfer function G

w
(s) by

¹(s), and given the allowable maximum step response
overshoot e

.!9
, if one makes the inequality

D¹( ju)D
.!9

)

p2#ln(e2
.!9

)

2p ln(1/e
.!9

)
(36)

hold, then, an overshoot smaller than (or close to) e
.!9

is
guaranteed. This is possible because D¹( ju)D

.!9
always

appears below the crossover frequency u
y
. Below this

region, the uncertainty weight =
y
(s) is relatively small,

and D¹( ju)D is close to 1. This means that the uncertainty
weight=

y
(s) has little, or even no in#uence on the com-

plementary sensitivity ¹(s) in this region. In most practi-
cal cases, =

y
(s) is used to represent the unmodeled

dynamics uncertainty, which is usually large at high
frequencies. And at low frequencies, uncertainty could be
made small. Therefore, one has the potential to change
the `uncertainty weighta=

y
(s) within this frequency re-

gion, while keeping the resulting mixed-sensitivity design
close to the original one. The procedures of controlling
the closed-loop system overshoot are summarized as
follows.

Transient performance control procedure (TPCP): (1)
Select the weighting functions=

e
(s), =

u
(s), and =

y
(s),

(2) Given the overshoot e
.!9

, calculate the maximum
allowable complementary sensitivity D¹( ju)D

.!9
using

(36), then change the weighting function=
y
(s) to=@

y
(s) so

that

1*min
u|#

D=@
y
( ju)D*

1

D¹( ju)D
.!9

, (37)

where # is the frequency region below u
e

in which
¹( ju)D

.!9
may occur and =@

y
(s) is made close to =

y
(s)

over the crossover frequency u
y

of =
y
(s),

(3) Increase the parameter o
1

(or parameter j when
k equals zero) in =

e
(s) as much as possible using avail-

able H
=

software, i.e., increase the bandwidth u
b

as
much as possible to get the fastest response.
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Fig. 8. Schematic diagram of the pilot plant.

Fig. 9. Input}output block diagram of the plant.

4. Roll-angle control of a laboratory scale vertical
take-o4 aircraft

4.1. Description of the plant

The positioning of a heavy beam by means of two
propellers, as shown in Fig. 8, is a non-trivial example for
testing control strategies. The controlled variable is the
angle u formed with the horizontal line. The input vari-
able of the controlled system, which is also the manipula-
ting signal, is the command voltage u for the power
ampli"ers of the DC-motors driving the propellers. In
a linearized description, the dynamic behavior between
the input voltage of the ampli"er and the speed n of the
propeller attached to the shaft of the motor, can be
described by a "rst-order lag, representing the dynamic
behavior of an independently excited DC-motor. Ne-
glecting friction, integration of the angular acceleration
of the beam uK aroused by moment M yields the angular
velocity, and further integration generates the angle u.
The non-linear characteristics between the motor speed
n and the generated moment M are introduced by the
propeller mechanism. Neglecting the non-linearity in
Fig. 9, the system can be described by

G(s)"
b

s2(s#a)
, (38)

where b"K
A
K
(
K

M
/(J¹

M
) and a"1/¹

M
.

4.2. H
=

controller design

For the selected nominal plant, a"3.02, b"!6.84,
the uncertainty weighting function=

y
(s) could be chosen

as

=
y
(s)"0.46(0.965s#1) (39)

by experiment (Ki!meier, 1994). The plant has a double
integrator and hence is not stable. As discussed in the
previous section, the performance weighting function

=
e
(s)"

j
s2

(40)

is selected. Here, a scaling factor of 0.6 which acts on the
sensitivity function S(s) is absorbed by the parameter j.
For the mixed S/R/¹ design, as stated in step 3 of
the described algorithm in Section 3, the performance
weighting function is simply kept unchanged as ex-
pressed by (40). This sensitivity weighting function viol-
ates the condition of observability and detectability due
to the double pure integrator if the `DGKFa algorithm is
used. This di$culty can be overcome by replacing s in the
integrator by (s#e), where e is a small positive number.
This modi"cation has little in#uence on the actual design
because it keeps sensitivity weighting at low frequencies
su$ciently large, which is the goal of using a pure
integrator.

Now, the normalized control-signal magnitude con-
straint Du(t)D)0.5 is assumed for a square wave input
with a normalized amplitude of $0.3, and an overshoot
of less than 6.5% is required. From (31),=

u
(s)"0.6/0.5 is

simply chosen.

4.2.1. Standard H
=

design method
For standard H

=
design, the uncertainty weighting

function=
y
(s) does not go through the modi"cation step

outlined in procedure TPCP. The controller is obtained
as a "fth-order transfer function

K(s)"

!

569.84s4#1880.84s3#482.98s2#9.659]10~3s#4.829]10~8

s5#688.79s4#3413.26s3#5340.29s2#10.67s#5.33]10~3
.

(41)

The singular value plot of the cost function is shown in
Fig. 10.

The all-pass characteristics at low frequency that de-
creases at high frequency indicates a typically successful
H

=
design in the sense that a sub-optimal H

=
controller

is obtained for the given weighting functions (Postleth-
waite et al., 1987, 1990). The corresponding comple-
mentary sensitivity and the inverse of the uncertainty
weighting function are shown in Fig. 11. It is clear that
the complementary sensitivity ¹ has a bad shape indicat-
ing a large overshoot. Output and control-signal time
responses to the square-wave input speci"ed are shown
in Figs. 12 and 13. A bad transient performance with
more than 30% overshoot is obtained.

248 J. Hu et al. / Control Engineering Practice 8 (2000) 241}252



Fig. 10. Singular-value plot of the weighted mixed sensitivity using the standard H
=

design.

Fig. 11. Singular-value plots of the complementary sensitivity and the inverse of the uncertainty weighting function using the standard H
=

design.

4.2.2. Proposed H
=

design
Referring to (37), for the control of the overshoot,=

y
(s)

is changed to

=@
y
(s)"

31.82s4#107.76s3#48.13s2#0.123s#7.9]10~5

106.45s3#67.39s2#14.22s#1
. (42)

From Fig. 14, it holds that D=@
y
( ju)D)1.0097 within

the frequency range u3[0.0109,R]. When the peak of
the complementary sensitivity ¹(s) appears in this region,
an overshoot of less than 6.5% will be guaranteed. To
satisfy the constant rank condition on the ju-axis (Doyle
et al., 1990), two extra zeros that lie far beyond the system
bandwidth are added to give=A

y
(s)"=@

y
(0.001s#1)2.

Using the `Hinf a toolbox of Matlab, j is increased to
get as wide as possible a bandwidth. It should be pointed

out that the `DGKFa algorithm can often raise various
numerical problems, especially in solving Riccati equa-
tions. Generally, this phenomena becomes extremely
serious when the solution approaches optimality. In this
example, the numerical problem arises mainly because of
the double integrator used. Numerical analysis shows
that the matrix A of the general plant [A B

1
B
2

C
1

C
2

D
11

D
12

D
21

D
22

] has a high condition number,
cond(A)"1.84]1019. As a remedy, a scaling technique is
introduced,

A@"diag~1(!)]A]diag(!), B@
i
"diag~1(!)B

i
(43)

C@
i
"C

i
diag(!), i"1, 2 (44)

where ! is a scaling vector. ! should be selected so
that all the elements in the new matrix A@ are as close
as possible. Or, one can use the uniformly distributed
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Fig. 12. Output response tracking a square wave of magnitude $0.3 using the standard H
=

design.

Fig. 13. Control signal response using the standard H
=

design.

Fig. 14. Changed uncertainty weighting.

Fig. 15. Singular-value plots of ¹ and =A
y
(s)~1 using the proposed

method.

random number generator function rand in MA¹¸AB to
generate a smaller condition number matrix A@. Here, the
latter method is used, and the condition number cond(A@)
is decreased to 1016. With the largest parameter, j"
9.873e!4, a seventh-order sub-optimal H

=
controller is

obtained. After model reduction using a balanced realiz-
ation technique (Moore, 1981), a third-order H

=
control-

ler with the transfer function

K(s)"!

0.83s3#2.52s2#2.45]10~2s#8.75]10~6

s3#4.92s2#7.52s#0.023
(45)

is obtained.

From Figs. 15 and 16, the peak magnitude 1.0087 of
¹( ju) appears at 0.094 (rad/s), which is within the fre-
quency range [0.0109,R]. By using (36), the percentage
overshoot should be smaller than 6.4%. Figs. 17 and
18 show simulation results without a disturbance. The
percentage overshoot e

.!9
is 5.76%, which is smaller

than and close to the assigned value of 6.4%, and the
maximal amplitude of the control signal is 0.484 which is
smaller than and close to the bound value of 0.5. All these
results verify the e!ectiveness of the proposed approach.
Figs. 19(a)}(d) show the responses of the output and
control signal under an additional output step distur-
bance of amplitude 0.24 with di!erent initial acting times.
A good disturbance rejection property is demonstrated.
The transient performance of a standard H

=
design has
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Fig. 16. Magnitude plots of ¹ and=A
y
(s)~1 using the proposed method.

Fig. 17. Output response tracking a square wave of magnitude $0.3
by the proposed method.

Fig. 18. Control signal response by the proposed method.

Fig. 19. Normalized responses of output and control signal by the
proposed method under an additional output step disturbance of mag-
nitude 0.24 with di!erent starting times: (a)}(b) t

0
"0; (c)}(d) t

0
"2 (s).

been signi"cantly improved by the method proposed in
the paper.

4.2.3. Real-time experiment
In addition to the simulation result shown above,

a real-time experiment was also conducted for the pro-
posed method on the device at the Control Laboratory of
Ruhr University. The hardware host is an IBM PC. A 16
bit A/D, D/A converter board was used. The real-time
software `CADACSa (Schmid & Jamshidi, 1996) has been
used. This real-time PC-version toolbox was written us-
ing Turbo Pascal 4.0 and contains, besides the real-time
routines, "ve program examples, including all libraries in
source format. The user writes his own real-time task
using either Borland C or Pascal language. For the
choice of sampling rate, the sampling period is less than
or equal to 1

20
of the system bandwidth. The system

bandwidth was less than 1 (rad/s), hence, a sampling rate
of 0.01 (s) and a zero-order hold were chosen. Two
machine attached knobs that tuned the rotation of each
propeller separately were used to set the operating point.
The experimental results are shown in Figs. 20(a) and
(b). In Fig. 20(a), the overshoot is about 8%, the rise time
is about 2.2 s, and the settling time is about 5 s. In

Fig. 20(b), the maximum control signal is around 0.5. All
these results coincide with the simulation performance
closely. The slightly bigger overshoot was mainly due to
a shift in the operating point. The unsymmetrical re-
sponse was caused by the non-linearity of the plant.
Strong disturbance attenuation requirements result in
a larger overshoot and control e!ort. The performance is
quite satisfactory.

5. Conclusion

The problem of H
=

weighting function selection has
been thoroughly investigated. Firstly, explicit multiplica-
tive uncertainty-weighting functions have been derived
for typical low-order plants with parametric uncertain-
ties. For SISO plants with parametric uncertainties, it has
been shown that an explicit uncertainty weighting func-
tion can be obtained through combinations of elemen-
tary P¹

1t
, P¹

2S
, (¹s#1), u2

n
/(u2

n
#2du

n
s#s2), etc.,

units. Intuitively, these results could also be applied
in the framework of adaptive robust design, since
H

=
weighting functions can be updated automatically as

long as the interval bound of the individual parameters of
a plant is given. A basic form of performance weighting
functions has been suggested, with which designers could
easily make trade-o!s. A formula for calculating control
signal weighting functions that represent the position and
rate limit constraints of an actuator is given for the "rst
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Fig. 20. (a) Real-time experimental output response with square wave
input r"$0.3 using the proposed method. (b) Real-time experimental
control signal response using the proposed method.

time. A novel H
=

-mixed sensitivity design method is
proposed to control the percentage overshoot directly.
Finally, the whole procedure has been demonstrated by
the roll-angle control design of a laboratory scale vertical
take-o! aircraft via simulation and real-time experi-
ments. An illustrative example has shown that the transi-
ent performance of the standard H

=
design has been

signi"cantly improved by the new technique proposed in
this paper. An accurate relationship between the percent-
age overshoot and the weighting function established in
this paper holds only when a pair of dominant poles is
present in the plant. Extending the approach described
here to more complex problems, including the MIMO
case, is the subject of future research.
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