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Abstract

Formalised proofs of Cut admissibility sometimes rely
on the invertibility of the rules of a sequent calculus.
We present sufficient conditions for when a rule is in-
vertible with respect to a calculus, which is important
for guiding proof search. We illustrate the conditions
with examples. It must be noted we give purely syn-
tactic criteria; no guarantees are given as to the suit-
ability of the rules. We also formalise some of the
results in the proof assistant Isabelle, as a means to
automating Cut admissibility proofs.

1 Introduction

Several papers (Ciabattoni & Terui 2006b), (Ciabat-
toni & Terui 2006a), (Rasga 2007), (Restall 1999)
have sought to give syntactic or semantic conditions
for a calculus to ensure that it admits Cut. In this
paper, we present some easily checkable conditions
which ensure that a rule is invertible with respect to
the calculus in which it is defined. Note that some
proofs of Cut admissibility rely on the invertibility of
the rules for the calculus, such as the proofs given in
(Dragalin 1988).

These results are approximately formalised in the
proof assistant Isabelle (Nipkow et al. 2005), so that
any future formalised proofs requiring the invertibility
of rules can use our conditions to reduce the length,
and complexity, of the proof. The first-order results
are formalised using the package Nominal Isabelle
(Tasson & Urban 2005), in which it is easy to rea-
son about binding issues.

We build on (Dawson 2008), notably the idea that
a rule in a (context-sharing) sequent calculus can be
decomposed into two distinct parts. We show that the
lemmata in (Dawson 2008) are logical consequences
of our lemmata.

1.1 Structure of the document

We introduce some definitions in §2 which help us
define, rather abstractly, a sequent calculus and some
additional notions which we require. In §3, we discuss
the admissibility of weakening in a calculus and prove
some results about this. In §4 we give a full account
of the sufficient conditions for a premiss to be deriv-
able from the conclusion for a rule of a specific type
of multisuccedent calculus, for both right rules (§4.1)
and left rules (§4.2). We derive, as special cases, the
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conditions for invertibility in a single succedent cal-
culus in §5. In §6 we show how the conditions in
(Dawson 2008) are consequences of our conditions,
and also consider a wider range of propositional cal-
culi. In §7, we discuss first-order logics, and in §8,
we discuss modal logics, as well as other directions
one could take in this area. Finally, in §9, we give a
brief overview of the results of the previous sections
as formalised in Isabelle, with some examples.

2 Definitions

We distinguish between formulae and metaformulae.
Let P, the set of propositional atoms, be defined by
the grammar p,q,.... Then, a formula is defined by
the grammar:

Auz=P| L] F(Alist)

where F' ranges over constructors. For instance, if
the language included conjunction, an example of a
formula could be:

(pAgq) A L = Conj [Conj [p,q], L]

A formula is an expression in the object language.

Suppose that A, B, C ... are formula variables, and
P .Q,R,...areatom variables, then metaformulae are
given by the following grammar:

pu=A|P|L|F(¢lst)

An example of a metaformula is 1L D (4D P), if im-
plication was one of the constructors. We instantiate
metaformulae with formulae.

I'A,... are metamultisets of formulae. In other
words, I', A, ... range over multisets of formulae.

A sequent is represented by I' = A. When we add
a single (meta)formula to a (meta)multiset, we use
the notation ' A, and adding two (meta)multisets is
represented by I' + A, but if the sequent is displayed
in a tree, we will use the more standard “comma”
notation. For instance, I' + IV = A & A would be
displayed as:

LT'=AA

The use of multisets, instead of lists or sequences,
means that the results are applicable for systems in
which the structural exchange rule is admissible.

In the informal analysis, we will represent a com-

pound formula as %4(A) or o;(B), where x, is an s-

ary connective, and A has length s, for example. The
usual propositional formulae can be displayed in this
manner, for example A A B would be displayed as
Conj, [A, B].

We distinguish between rules and instances of
rules, which we call inferences. Most of our lemmata



are about rules, and one proves these by showing the
result for arbitrary instances of the rule. Inferences
can contain no metaformulae; they have all been in-
stantiated with formulae. Likewise every metamulti-
set is instantiated, however we do not highlight the
distinction between the metamultisets and their in-
stantiations, for the sake of readability. We denote
rules as R, S, T, ... and inferences as r, s,t.. ..

We impose conditions upon a calculus which en-
sure that the rules are invertible. To properly define
these conditions, we require the following definitions
about formulae:

Definition 1 (Subformulae, Metasubformulae)
The subformulae of a formula A are defined by in-
duction on the structure of A as follows:

e A is a subformula of A

o If F[Ay,...,Ay] is a subformula of A, then so
are Ay,..., A,

The metasubformulae of a metaformula ¢ are defined
by induction on the structure of ¢ as follows:

e ¢ is a metasubformula of ¢

o IfFlp1,...,0n] is a subformula of ¢, then so are
1LyeoorPn

_|

Context sharing logical rules (Troelstra &

Schwichtenberg 2000) are such that every premiss of a
rule has the same context. Each context sharing rule
can, therefore, be split into two components. First,
there is the active part of a rule: those metaformulae,
and metamultisets of formulae, which cannot be ar-
bitrarily instantiated in an inference, and the passive
part of a rule, which can be arbitrarily instantiated.
The latter part is really the context of the rule, in
propositional calculi. We make this more precise:

Definition 2 (Active and Passive Metaformulae)
A metaformula ¢ is active for a rule R iff:

e ¢ cannot be arbitrarily instantiated in an in-
stance of R, OR

e ¢ is a subformula occurrence of an active formula

for R.

A metaformula is passive for a rule R if it is not
active for R. -

The active part of a rule is then obtained by delet-
ing all passive metaformulae, and metamultisets of
passive formulae, from the rule. Similarly, the pas-
sive part of a rule is obtained by deleting all active
metaformulae from the rule.

As an example, consider the rule from G3cp for
LD (Troelstra & Schwichtenberg 2000):

'=s¢,A TWo=A
ooy = A

Here, the active part of the rule is:

=06 v=
POV =
whereas the passive part consists of I' and A. In more

complicated rules, the active part of the rule is larger.
For instance, consider the rule for L0 D, one of several

rules for implication on the left, from G4ip (Dyckhoff
1992):

IP¢=1v
IP,PD¢p=1

where P is an atom variable. We have here that the
active part of the rule is:

P,o=
P,PD¢ =

As a another example, calculi for modal logics often
have context dependent rules. Here, the active part
is yet larger, since we cannot arbitrarily instantiate a
boxed multiset, for example, with a multiset in which
a diamond formula occurs: the active part of:

I = ¢, CA
O I = 0¢, OA, A’

RO

is:
ar = ¢, A
ar' = O¢, CA

and the passive part occurs only in the conclusion of
the rule.

Note that structural rules have no active metafor-
mulae according to this definition. As an example,
take the contraction rule:

¢, 9= A
o= A

Here, ¢ can be arbitrarily instantiated, and so is pas-
sive by our definition.

We focus on a particular kind of rule, one in which
certain structural rules (which, in general, are harm-
ful to invertibility if primitive in the calculus), are not
allowed.

Definition 3 (Decomposable rule) We call a
rule R decomposable iff, after deleting all active
metaformulae from R to obtain R', we have:

1. All premisses of R’ are identical AND

2. The antecedent (succedent) of each premiss of R’
is a submultiset of the antecedent (succedent) of
the conclusion of R’.

If every rule in a calculus R is decomposable, then we
call R decomposable. -

As an example, the Contraction rule given above
is not decomposable. For, when we remove the active
formulae (of which there are none), we do not have the
antecedent of the premiss being a submultiset of the
antecedent of the conclusion. However, rules which
have implicit weakening, such as RO above, can be
decomposable. These conditions may be verified by
eye, checking the rules. We now distinguish between
two kinds of decomposable rules.

Definition 4 (Normal, Implicit-Weakening Rules)

A rule R is called normal iff after deleting all active
metaformulae from R to obtain R, the conclusion of
R’ is the same as each premiss of R’.

A rule R is called an tmplicit-weakening rule
(IW rule) iff after deleting all active metaformulae
from R to obtain R', the conclusion of R’ is not equal
to each premiss of R'.



This definition of active part is similar to that in
(Galmiche & Perrier 1994), and the definition of a
passive metaformula is similar to that of a parametric
formaula from (Restall 1999). We also have similarities
between the definition of a decomposable rule, and
the parameter conditions of (Restall 1999). Here, the
IW rules would violate the non-proliferation of para-
metric formulae condition, because we can have more
passive metaformulae occurring in the conclusion of a
rule than in the premisses of a rule. However, normal
rules will satisfy the parameter conditions. Normal
rules obey the regularity conditions of (Restall 1999).
Note that, in the decomposition of a rule, neither part
is (necessarily) a rule in its own right. We call the rule
an extension of the active part.

In the first instance, we study two families of de-
composable rules: axioms and monoprincipal rules.
Axioms have no premisses, and both the antecedent
and the succedent of the conclusion must contain
some atom variable P, or the antecedent must con-
tain L. In other words, the active parts must be of
the form:

P=P 1=

Here our approach differs from that in (Dawson 2008).
There, Dawson has that any formula can be part of
an identity sequent, whereas we restrict ourselves to
atomic formulae. Most calculi are sufficiently bal-
anced so that a general axiom can be proved admis-
sible (i.e. ¢ = ¢ for any formula ¢), however not
all calculi have this property. For instance, we can-
not show this property for the sequent calculus GL in
(Negri 2005). This restriction to atom variables in ax-
ioms, whilst more desirable from a theoretical view,
has the drawback that we have to partially specify
formulae.

A monoprincipal rule must have a compound for-
mula in the conclusion of its active part, and fur-
thermore this compound formula must be the only
formula in the conclusion. This restriction does not
allow L0 D, for instance, to be a monoprincipal rule;
the conclusion of the active part was:

P,Po>¢=

A sequent calculus is thus defined by some set of
monoprincipal rules, joined with the set of axioms.
We will usually just talk about the monoprincipal
rules defining a calculus, with the understanding that
the calculus contains the set of axioms.

The decomposition makes it straightforward to
identify the principal metaformula of a rule; it is any
metaformula which appears in the conclusion of the
active part of the rule. In the example given earlier of
L Dfrom G3cp, we can clearly see that ¢ D1 is princi-
pal for the rule. For monoprincipal rules, we can also
define principal on the left and principal on the right
for a rule by noting whether the single metaformula
in the conclusion of the active part of the rule is in
the antecedent or succedent, respectively. The restric-
tion to monoprincipal rules is akin to the restriction
to single principal constituents from (Restall 1999).
Note that the only condition, then, that a set of nor-
mal monoprincipal rules does not fulfil from (Restall
1999) is that of matching of principal constituents.
Thus, we can also eliminate non-principal cuts from
such a calculus.

The principal formula of an inference is that for-
mula which instantiates the principal metaformula of
arule. Similarly, the active part of an inference is the
instantiation of the active part of a rule.

We need the notion of derivability, and, because
we are interested in height-preserving invertibility (in
the first instance), we need the notion of derivability

at height n. Axioms are derivable at height 0, and
should every premiss in a rule be derivable at height at
most n, then the conclusion of the rule will derivable
at height n 4 1.

We now come to the definitions of invertibility. In-
tuitively, we say that a rule is invertible if, given the
conclusion of a rule, we can derive its premisses. We
are most interested in the invertibility of the defining
(also known as primitive) rules of the calculus. The
notion we use is that of strong admissibility from (Dy-
ckhoff & Negri 2000), which is also known as depth-
preserving admissibility (Negri & von Plato 2001):

Definition 5 (Strong Admissibility) The rule R
given by:

§R

is strongly admissible in a calculus iff for every n
and every derivation of height n of an instance of S
there is a derivation of height < n of the correspond-
ing instance of S’.

There is a corresponding notion of admissibility
which drops the requirement that the derivation of S’
have height not greater than that of S. This definition
shows that we prove a rule is strongly admissible by
taking an arbitrary instance of the rule and showing
that this instance has the necessary properties.

Definition 6 (Invertible rule) For a calculus de-
fined by a set of primitive rules R, we say that a rule
R € R with premisses Py, Ps, ..., P, and conclusion
C, is (strongly) invertible with respect to R if,
for each premiss P;, the rule:

c

P;

is (strongly) admissible.
If every such R € R is invertible, we say that R
1s wnvertible. -

All of the strong admissibility results we prove re-
quire the strong admissibility of weakening (this is
more commonly known as depth-preserving weaken-
ing). We give a lemma that guarantees that weak-
ening is depth-preserving, but require the following
definition to do so (Negri 2005), (Rasga 2007):

Definition 7 (Context Dependent Rules) A

context dependent rule is a rule which has side
conditions which place restrictions upon the context
of formulae allowable for instantiations of that rule.

_{

Many rules with variable binding are context depen-
dent rules, as is the usual rule for necessitation on
the right in modal logic (Troelstra & Schwichtenberg
2000):

OF = ¢, OA
OF, T = O, OA, A/

where here the side condition is that all formulae in
the antecedent must be boxed. Note that context
dependent rules have a necessarily larger active part
than a non-context dependent rule.



3 Weakening
We have the following, simple result:

Lemma 1 (dp-Weakening) Suppose R is a calcu-
lus containing generalised axioms of the form:

IP=PA

and further that R has no context-dependent rules,
then weakening s strongly admissible in R. That is,
the rule:

I'= A
LIV = AA

is strongly admissible in R.

Proof. A routine induction. Since there are no con-
text dependent rules, we know for instance there will
be no stipulations of the form |T'| < n for some natu-
ral number n, or the requirement that all formulae be
boxed (for example). So, it follows immediately that
if I' @ IV, where @ is the subset relation for multisets,
and a rule was applicable with I', then it will be ap-
plicable with IV, because the active part of the rule is
unaffected. -

That there are no context dependent rules is very
restrictive. In particular, it rules out lots of first order
rules. This restriction can be relaxed and will be in
87.

4 Multisuccedent Calculi

We have two sets of conditions, one for right rules be-
ing invertible, and one for left rules being invertible.
After the proofs, we will give examples of rules which
satisfy the conditions. The form of the lemmata may
seem odd; however, the additional multisets of formu-
lae in the premisses come from the active part of the
rule.

4.1 Right rules

Lemma 2 Let R be a set of decomposable rules de-
fined by a set of monoprincipal rules. Then, the rule:

-,

I = x4(¢), A
I,/ = AA

is strongly admissible in R if I = A’ is a premiss of

the active part of every rule with xs(¢p) principal on
the right.

Proof. Let I' = A @ #,(B) be an instantiation of
the premiss. We prove the lemma by induction on
the height n of the derivation of I' = %,(B) & A. If
n = 0, then there exists some atom p such that p € T’
and p € A®x4(B),or L € I'. We then have p € T+1”
andpe€ A+A’,or L e T+IV, andso T'+IV = A+ A’
is an axiom.

If n > 0, then we do case analysis on the last
inference, r, in the derivation of I' = A @ *4(B).
There are four subcases to consider:

1. r was an instance of a normal rule, and *4(B) is
principal for r.

2. r was an instance of an IW rule, and ,(B) is
principal for r.

3. r was an instance of a normal rule, and *4(B) is
not principal for 7.

4. r was an instance of an IW rule, and ,(B) is not
principal for 7.

Case 1. From the assumptions, IV = A’ is a premiss
of the active part of r, and so ' + IV = A + A’ is
a premiss of r. This means it is derivable at height
n — 1, and thus at a height not greater than n, as
required.

Case 2. The conclusion of r is of the form:

F17F2 = AlaA27*S(§)

Since *S(E) is principal for 7, the sequent I'y + TV =
A; + A’ is a premiss of r, and thus is derivable at
height n — 1. We use dp-weakening to obtain:

FI;F2;F/ = A17A27Al

as derivable at height n — 1, but this is just ' + TV =
A + A’, and so we are done.

Case 3. There are two further cases here; one where
r was an instance of a left rule, and one where r was
an instance of a right rule. We show the latter; the
former is simpler. Suppose r had principal formula

—

oy(D), then r is of the form:
" 1r{ = A" A 1T = A" Al
T = Ot(ﬁ),A”

We have that T' =T, and A @ %,(B) = A” @ oy(D).
From this we have a A™ such that:

—

1. A = AN EB Ot(D)

—

2. A" = A~ @ xy(B)

Rewriting r with 2, we see that *4(B) is present in
every premiss of r, and we can therefore apply the
induction hypothesis at the lower height of the pre-
misses. Thus, we have:

LT = AV, A~ x,(B) DT = A, A~ %y (B)

0,07, T = A, A~ N 0,001 = AlLA~ N

D, I7 = A~ o)(D), A/

Using the equation 1 we have the result.
Case 4. r is an instance of an IW rule, say R; suppose

—

o4(D) was principal for r on the right (the left case is
similar). Then, r is of the form:

rry = AL A7 LT = AL AY
T2 = Al A2 o,(D)

There are two subcases; one where %4(B) is in I'!
and another where it is in I'?. Consider the former.
We can then apply the induction hypothesis to every
premiss of r, after which we can another instance of R,
say 7', to this new set of premisses, and we complete
the case in the same manner as in case 3, above.

In the latter, *S(é) was part of the implicit weak-
ening of r. Thus, there is some A3 such that A? =

A3@x,(B), and so the conclusion of r is rewritten as:
T4 T2 = AN A® % (B), 0y(D)

Taking the premisses of r, apply a new inference, r’,
based on R, to them; 7’ is the same as r except that
the implicit weakening is T2 +T” on the left and A3 +
A’ on the right. We then have:

T2 = A A% A oy(D)

is derivable at height n. We also know, from compar-



ing the two forms for r, that:
1. TL12?=r

2. A17A27Ot(l_j) = Aa*s(é)

and so, rewriting the second to include A2, we have
shown:

LT = A A

is derivable at height n, which completes the case,
and the proof. —

4.1.1 Examples

Consider the calculus G3cp. All of the right rules are
invertible, because the following rules are all strongly
admissible:

I'=oA,A T=dApA
T = A T =y, A
I'= ¢V, A I'= ¢y, A
I'=¢,9,A Lo=19,A

Take, for instance, the left premiss of RA. We have
that IV = (), and A’ = ¢. Furthermore, the only rule
which can have a conjunction principal on the right is
RA, and so I' = A @ ¢ will be a premiss of the rule.

However, when we consider a multisuccedent ver-
sion of G3ip, we usually have the following rule for
implication on the right (see, for instance (Troelstra
& Schwichtenberg 2000)):

L=
I'=s¢D9y,A

Clearly, this is only invertible if A = (), which is not
true in general, and it only satisfies the conditions of
our lemma if A = (.

Note that we talk about invertibility of the rules
for G3cp. Suppose a calculus contained an IW rule,
R. The lemmata of this section would not give the
invertibility of R; each premiss of R is not shown
derivable at height not greater than the conclusion of
R by an application of the lemma. Rather, a weak-
ened version of each premiss is derivable at a height
not greater than the height of the conclusion of R.
More concrete examples of this will be given in §8.

The condition for the applicability of the lemma is
easily verifiable, for a finite set of rules. In fact, for
every finite set of rules, the conditions for all of our
lemmata are easily verifiable.

4.2 Left Rules

Here, we get to appeal to symmetry with the multi-
succedent right rule case.

Lemma 3 Let R be a set of decomposable rules de-
fined by a set of monoprincipal rules. Then, the rule:

T,x5(6) = A

I,/ = AA
is strongly admissible in R if IV = A’ is a premiss of
the active part of every rule with xs(¢p) principal on

the left.

Proof. The proof is symmetrical to that of §4.1. -

4.2.1 Examples

The rule for implication on the left for G3ip is not
invertible (see §5.2), however the multisuccedent ver-
sion of the calculus has the following form:

Fodov=9¢,A T, =A
ooy = A

This is strongly invertible; for each premiss, the
lemma is applicable. In the left case, IV = ¢ D 9
and A’ = ¢, and in the right case IV = 1) and A’ = ().
Furthermore, any rule with ¢ D principal on the left
must be L O; no other rules have ¢ D principal on
the left.

5 Single succedent calculi

We have the restriction that the succedents contain
at most one metaformula. This means that if we try
to apply the previous lemmata, A’ is empty.

5.1 Right rules

Lemma 4 Let R be a set of decomposable rules de-
fined by a set of monoprincipal rules restricted to sin-
gle formula succedents. Then, the rule

T = x,(¢)
L= ¢

is strongly admissible in R if IV = ¢ is a premiss of
the active part of every rule with xs(¢) principal on
the right.

Proof. An immediate application of the lemma of
84.1. 4

5.1.1 Examples

Take the standard formulation of G3ip from (Troel-
stra & Schwichtenberg 2000). Then, consider the
rules RDand RA. RO

Fo=4
I'= ¢Dv

is invertible; we have the conditions satisfied, because
qSDw is prlnmpal on the right only for this rule and
= ¢. Thus, the rule is invertible, as expected
Both premisses of RA :

F'=s¢ I'=9yY
F'=o¢oAy

are derivable at a lower height than the conclusion,
because, given a rule with ¢ A1 principal on the right,
) = ¢ and @ = 1) will be premisses of the active part
of this rule.

By contrast, consider the rules for disjunction on
the right:

I'=9
'=o¢Vvy

I'=svy
F'=o¢Vvy

Since neither I' = 1 nor I' = ¢ is a premiss of every
rule which has ¢ V ¥ principal on the right, then our
lemma says nothing about the invertibility of either
rule.



5.2 Left Rules

Lemma 5 Let R be a set of decomposable rules de-
fined by a set of monoprincipal rules restricted to sin-
gle formula succedents. Then, the rule
Ly ((;) =
DIV =
is strongly admissible in R if IV = 1) is a premiss of

-,

the active part of every rule with xs(¢p) principal on
the left.

Proof. A simple application of Lemma 3, with the
restriction to single metaformulae in succedents. -

5.2.1 Examples

Most of the rules of G3ip are shown to be strongly
invertible by this lemma. For example:

Lo N =y
Lo,0 =7

can be shown to be strongly admissible; take IV =

(9,95 and A" = 0.
The left implication rule for G3ip:

Loy =0 Typ=y
L0209 =~y

does not satisfy the conditions of the lemma. The
right premiss is derivable at a lower height than the
conclusion, but the left premiss is not. The left pre-
miss fails our conditions, owing to its having a differ-
ent succedent to its conclusion.

6 Extensions

6.1 Rule Sets

We stated in §1 that the lemmata in (Dawson 2008)
were logical consequences of our lemmata. Dawson
is concerned with the admissibility of certain rules,
rather than their strong admissibility. As is suggested
by the names, strong admissibility implies admissibil-
ity. He is also investigating the invertibility of a set
of rules, rather than the derivability of a given pre-
miss of a rule. We require the following definition, of
what it means for a set of rules to have the unique
conclusion property:

Definition 8 (Unique Conclusion Property)

A set of decomposable Tules R has the unique
conclusion property iff for all S and T in R, if
the conclusion of the active part of S is the same as
the conclusion of the active part of T, then S =T. 4

The lemma he proves is as follows:

Lemma 6 Let R be a set of decomposable rules defin-
ing a sequent calculus. If R has the unique conclusion

property, (13, C) is an instance of a rule of R and C
is derivable with respect to R, then so is every p € P.

Proof. Suppose that every rule has a unique conclu-

sion, and further that (P,C) is an inference in the
calculus and C' is derivable with respect to the calcu-

lus. Let p be a premiss of this inference (i.e. p € P).
From the fact that every rule has a unique conclu-
sion we have that p is a premiss of every inference
with conclusion C'. Then depending on the particu-
lar calculus formation or form of C, we apply one of
the lemmata from the previous sections, and so p is
derivable. 4

What we actually prove is the stronger notion that
the premiss is strongly admissible, not just admissi-
ble.

6.2 More complex propositional calculi

As noted in §2, the rule L0 D from G4ip precludes
that calculus from the analysis in the previous sec-
tions. Here, we relax the condition that the active
part of rules may only have one compound formula in
their conclusions. Now, however, every metaformula
which appears in the conclusion of the active part is
principal for the rule. As an example, both P and
P D¢ are principal for:

[P o=~
[,P,PO¢ =~

We can then reconstruct similar lemmata to those
of the previous sections, however we must be careful
with respect to atoms and L. We have the following;:

Lemma 7 Let R be a set of decomposable rules.
Then, the rule:

LT = AA
LL,T'= A A

is strongly admissible if:

1. For every A € T, A", we have IV = A’ is a
premiss of the active part of every rule with A
principal.

2. Every atom variable in T occurs in T".
3. Every atom variable in A" occurs in A’.

4. If L eT”, then L eT".

Proof. Let I' + I = A + A” by an instantiation of
the premiss. We proceed by induction on the height,
n, of the derivation of the premiss. If n = 0, then the
premiss was an axiom, so there is some atom p such
that pe T+ T and p e A+ A", or L € T + T,
Conditions 2,3 and 4 guarantee that p € I' + T and
p € A+ A’ in the first case, and L € I' + I” in the
second; the conclusion is likewise an axiom.

If n > 0, let r be the last inference used in the
derivation. Then there are four cases:

1. r is an instance of a normal rule, and there is
some A € I, A” which is principal for r.

2. r is an instance of an IW rule, and there is some
A eT”, A" which is principal for r.

3. r is an instance of a normal rule, and there is no
A eT”, A" which is principal for r.

4. r is an instance of an IW rule, and there is no
A eT”, A" which is principal for r.

Case 1. We have that TV = A’ is a premiss of the
active part of r. Therefore, since r is an instance
of a normal rule, I' + I = A + A’ is derivable at
height n — 1 and so is derivable at height at most n,
as required.

Case 2. This case is similar to the equivalent case in
the lemmata in sections §4.1 and §4.2.

Case 3. Since no formula from I', A” is principal
for r, all such formulae must be in the context of r.
Then, we reason in the same fashion as in §4.1 and
84.2.

Case 4. We know that no formulae from I'", A" are
principal for r. However, given r will be of the form:

LT = AL AY LTy = AL AL
I T2, T = AL, A% Al




we can have I' is in T'!, or I'2, or partially contained
in both. We reason by cases. Either, I' @ I'2, and
A" @ A?, or at least some part of I or A” is in I'!
or A, respectively.

In the former case, the situation is similar to that
in §4.1 and §4.2; we use a new inference which is the
same as r except that the implicit weakening part of
thﬁ inference contains I'V and A’, instead of I'” and
A",

In the other case, we perform two steps. Firstly, we
weaken every premiss of 7 so that the context of each
premiss contains I/ and A”. This will be the same
weakening for every premiss, because every premiss
contains I'! and A', and hence the same elements of
I and A”. Then, we apply the induction hypothesis
to each of these new premisses, so that we remove
I and A” and replace them with IV and A’ in the
context of each premiss.

Then, we remove from I'? and A? any formulae
from I' and A”, respectively, and we will use this
as our new implicit weakening. Applying the new
inference with this information will yield:

LT = A A

as derivable at height n, and this completes the case,

and the proof of the lemma. -
In particular, we have the results from the previous

sections are now specialisations of this result.

6.2.1 Examples

When restricted to single formulae in the obvious way
(as in §5) on the right, G4ip is a calculus in which all
rules have the form given above. The rule which did
not allow G4ip to be classified as a monoprincipal
calculus was L0 D. Now we can see, however, that it
is indeed invertible:

IP ¢ =~y
IP,PO¢p=1v
The atom variable P is retained in the premiss, and

this rule is the only rule where P D ¢ will be principal
on the left.

6.3 Rules which fail the conditions

Some rules fail our conditions, but nevertheless are
invertible. Suppose we augment G3cp with two ex-
tra rules for conjunction on the left, giving us the
following three rules:

o= A
Tony = A

ry=A

N T oAu S A

LAg

o, = A

T.orng = A N

Now, the rule

Fony = A
Lo =A

is strongly admissible in this calculus, however this
is not from an application of the lemma in §4.2. We
cannot apply that lemma since {$,%§ = 0 is not a
premiss of the active part of every rule with ¢ A v
principal on the left. We can show invertibility di-
rectly, though, since if AA B was principal on the left
for the last inference, then the last inference was an
instance of LA, in which case we are done, or it was
an instance of LAy or LAs. In either case, we sim-
ply weaken with the appropriate formula (B and A

respectively), and we have completed the proof of the
principal case. The non-principal and axiom cases are
as before, for instance in §4.1.

It is a simple matter to extend the conditions so
that we can capture the invertibility of rules such as
LA above. We change the condition “IV = A’ is a
premiss of the active part of every rule...” to

I = A’ can be obtained, by weakening,
from a premiss of the active part of every
rule...

7 First-Order Calculi

The conditions under which we performed analysis in
the previous sections were quite restrictive. In partic-
ular, we ruled out, in §2, first-order calculi and modal
logics under the proviso of “no context dependent
rules”. We seek now to relax this condition, in the
first instance to permit our lemmata to be applicable
to first-order calculi. We need to change our definition
of formulae from one involving purely propositional
connectives.

We need to show weakening is strongly admissible
in the presence of free and bound variables. The in-
tuitive solution is to rename all of the variables in a
derivation so that there are no clashes with any vari-
ables in the formulae with which we weaken. This
requires a substitution lemma to be strongly admis-
sible. We need some additional definitions. The first
is found in (Rasga 2007):

Definition 9 (Freshness Proviso) Suppose R is a
rule with antecedent T', succedent A and some dis-
tinguished formula A. Such a rule is said to have a
freshness proviso iff it has a side condition of the
form:

y fresh for T,y fresh for A,y fresh for A
_{

In addition to the rule sets from the propositional
cases, i.e. axioms and monoprincipal rules, we also
have two new rule sets. The first contains those rules
which have a single, first-order formula in the con-
clusion of the active part. The second contains those
rules which have a single, first-order formula in the
conclusion of the active part and a freshness proviso
on the variable which is bound.

We use a notion from (Zamansky & Avron 2006)
to give a general form for quantifiers. This was also
used in (Ciabattoni & Terui 2006a):

Definition 10 (General Quantifiers) An (n,k)-
ary quantifier forn >0, k > 0 is a generalised logical
connective, which binds k wvariables and connects n
formulae. -

As an example, A can be seen as a (2,0)-ary quanti-
fier, as indeed can V and D. The usual first order V
and 3 are (1, 1)-ary quantifiers. The bounded univer-

sal (V) and existential (3) quantifiers given by:
Var.(p(x), q()) = Va.(p(2) D q(x))
3z.(p(2), q(x)) = 3z.(p(2) A q(x))

are (2, 1)-ary quantifiers. The rules for these quanti-

fiers in an extension of G3c are a combination of the
rules for V and D, for example:

L, [y/z]¢ = [y/=]y, A
T = Va.(p, ), A




where y is fresh for I'; A. We use similar notation to

that described in §2 for such quantifiers: V,, 1 Z.(¢) is
an (m, k)-ary quantifier where & is a k-tuple of vari-

ables, and ¢ is an m-tuple of metaformulae.

Lemma 8 (Substitution lemma) Given a calcu-
lus defined by a set of primitive rules R which can
contain freshness provisos, if y is a variable which is
fresh for T' = A, then the rule:

I'=A
ly/z]l' = [y/x]A

18 strongly admissible in the calculus.

Proof. A standard induction on the height of the
derivation of an instance of I' = A. -

We then have our required extension to the weak-
ening result from §3:

Lemma 9 (Weakening - First Order) If a calcu-
lus contains a general axiom I' = A where there is
some atom variable P such that P € T and P € A,
and there are no context dependent rules in the calcu-
lus other than freshness provisos, then weakening is
strongly admissible.

Proof. A standard induction as in §3. We appeal
to the Substitution Lemma when the last inference
used in a derivation was an instance of a rule with
a freshness proviso, to ensure that the new formula
introduced by the weakening is suitably fresh for the
derivation. —

Intuitively, a premiss to be derivable given the
derivation of the conclusion of a rule if the freshness
provisos are observed, and there are no new specific
substitutions in the premiss. We want there to be
only new general substitutions in the premiss, where
the substituted variable can range over the entire do-
main for which it is defined. In other words, new sub-
stitutions such as [y/x] are acceptable in a premiss,
whereas [t/x] is not, where ¢ is some term.

We are now ready to extend the results from §4.1
and §4.2. We need only consider the cases where there
is some variable binding, in other words the cases of
(n, k)-ary connectives for which k > 0; the rest of the
cases will be as before.

Lemma 10 (First-Order Right Rules) The rule:

-,

I'= Vi uZ(0), A
I,/ = AA

is strongly admissible if:

1. TV = A’ is a premiss of the active part of every

-

rule with V., x@.(¢) principal on the right.
2. T and A" contain no specific substitutions.

3. All freshness provisos present in the (primitive)
rules are observed.

Proof. By induction on the height, n, of a deriva-

tion ending with an instance of I' = V,, ,Z.(B) & A.
The proof is much the same as that in §4.1, except
that condition 3 ensures that if the last inference used
was non-principal for a (m/, k’)-ary quantifier, where
k' > 0, then we can apply this inference after apply-
ing the induction hypothesis. Uses of the Substitution
Lemma may be needed to rename variables to guaran-
tee condition 3 holds. Condition 2 means that there
are no new arbitrary terms in IV and A'. -

Lemma 11 (First-Order Left Rules) The rule:

-,

L, Vi k2 (¢) = A
LL,T'= A A

is strongly admissible if:

1. TV = A’ is a premiss of the active part of every

-,

rule with V., xZ.(¢) principal on the left.
2. TV and A’ contain no specific substitutions.

3. All freshness provisos present in the (primitive)
rules are observed.

Proof. The proof is symmetrical to that of the pre-
vious lemma. -
7.1 Examples

We consider the four rules for (1,1)-ary quantifiers
from G3c:

L, [t/z]¢,Vo.¢ = A I'=[y/z]p, A
T Ved= A T = veo A 1Y
L, [y/z]g = A U = [t/z]¢, 3r.9, A
T,37.0 = A T = 32.0,A

where y is fresh for the conclusions of RV and L3.
As is easily verified, RV and L3 satisfy the conditions
of the lemma and so are strongly invertible. As an
example, the rule:

T = Vz.6,A
I'= [y/z]¢,A

is shown to be strongly admissible. Let A’ = Vx.¢,
and IV = (). There are no specific substitutions in A’
and, since RY is the only rule in which an universal
formula is principal on the right, we have strong ad-
missibility, and hence the strong invertibility of RV.

In both LV and R3, TV or A’ contains specific sub-
stitutions. It could be argued that both premisses are
derivable from the conclusion at the same height by
an application of depth-preserving weakening, how-
ever, this suggests we know which term ¢ to use in
the weakened formula, which in general is not possi-
ble. One could, therefore, argue that our conditions
are certainly not necessary, since we have an example
where they are not satisfied, but the rule is strongly
invertible. We cannot even appeal to weakening for
R3, however, when we consider the single succedent
version of this rule’:

L= [t/z]o
T = Jr.¢

As a further example, consider the four rules for

the bounded quantifiers V and 3, whose definitions
were given above and in (Zamansky & Avron 2006):

L, [t/x]¢p = A T,[t/z]d = A
I,Vz.(0,0) = A

U, ly/zl¢ = [y/z], A _
I = Vz.(0,7), A

L [y/zlo, [y/z]y = A
[, 3x.(p,0) = A

U= [t/z]d,A T = [t/x]y, A
T = 32.(6,9)A

1Note we must make appropriate restrictions upon A and A’ to
ensure the calculus is single succedent.

RS




where y is fresh for the conclusions of RV and L3.
These two rules are also strongly invertible, as can
be easily checked. However, the premisses of LV and
R3 contain specific substitutions, and so we cannot
conclude anything about their invertibility using the
methods outlined here.

8 Modal Logic

In the previous section, we allowed a certain kind of
context-dependent rule, namely one with a freshness
proviso. In this section, we allow a different kind of
context-dependent rule, one with modalised contexts.
We call a multiset of formulae modalised if it is of the
form 'T", where ! is some modal operator.

Definition 11 (Modalised Context Rules) A
rule is a modalised context rule iff:

1. Any instantiation of that rule has modalised mul-
tisets in its active part.

2. For any multiset T', an appropriately modalised
T appears in the active part of an instantiation
of the rule.

_|

We have that L<, for a classical calculus extended
with modalities (Troelstra & Schwichtenberg 2000),
is a modalised context rule:
ar, ¢ = ©A
Or, 0, I = OA, A

whereas R< is not:

'=A¢
I'= A 00

If we take I' # (), and? T’ # ¢, then for any modal
operator !, we do not have that !I' appears in the
active part of the rule. We call rules which are not
modalised context rules, but which nevertheless have
a modal metaformula in the active part of the rule,
basic modal rules.

Modalised context rules have large active parts.
From clause 2 in the definition above, these active
parts could be further decomposed into a context con-
sisting of the arbitrarily instantiated multisets (ap-
propriately modalised) and what we call the prime
part of the rule. Formally, we have the following:

Definition 12 (Prime Formulae, Prime Part)
A metaformula ¢ is prime for the active part of a
modalised context rule iff:

1. ¢ cannot be instantiated with an appropriately
modalised arbitrary multiset, OR

2. ¢ is the submetaformula occurrence of a prime
metaformula.

The prime part of a modalised context rule is the
active part of the rule where all non-prime metafor-
mulae have been deleted. n

Similarly to §2, a prime formula of an inference is an
instantiation of the prime metaformula of the corre-
sponding rule.

2Treating ¢ as a singleton multiset.

In LO above, the prime part of the rule is:

¢ =

O =

This definition is similar to the quasi-active formulae
in (Lutovac & Harland 2005). The modalised con-
texts are necessary, but not sufficient, for the appli-
cation of a modalised context inference.

We add to our definition of (meta)formulae some
modal operators. These will be represented in the

analysis by !(B) and e(D), where the lengths of B and

D correspond to the arities of ! and e, respectively.

As has been done in previous sections, we prove
the strong admissibility of weakening for such sequent
calculi.

Lemma 12 (Modal dp-Weakening) Let R be a
calculus containing monoprincipal propositional rules,
basic modal rules, and modalised context rules. If ev-
ery modalised context rule in R is an IW rule, then
the rule:

I'=A
LIV = A A

is strongly admissible in R.

Proof. Let I' = A be an instantiation of the pre-
miss. The proof is by induction on the height n of
the derivation of I' = A and is standard. In the
case where the last inference is a modalised context
inference, then we do not use the induction hypothe-
sis, we simply apply a new inference with a suitable
extension of the conclusion. o

Using the definition of principal from §6, where
every metaformula in the active part of a conclusion
is principal, we can keep the conditions very close to
those of §4.1 and §4.2. Note two inferences can differ
in the formulae occurring in the modalised multisets.
Were we to use the same conditions as in §4.1, we
would encounter a problem; for instance CA is prin-
cipal on the left for many instances of the rule, L<,
given above.

Lemma 13 (Right modal rules) Let R be a cal-
culus containing monoprincipal propositional rules,
basic modal rules, and modalised context rules. The
rule

-,

I =1(3), A"
LIV = A A

is strongly admissible in R if

1. TV = A’ is a premiss of the prime part of every
modalised context rule in which 1(¢) is principal
on the right.

2. TV = A’ is a premiss of the active part of every

-,

basic modal rule in which !($) is principal on the
right.

3. All modalised context rules in R are IW rules.

Proof. Let I' = A®!(B) be an instance of the pre-
miss of the above rule. We proceed by induction on
the height n of the derivation of this premiss. If n = 0,
or n > 0 and the last inference was a propositional

rule, then we proceed as in §4.1 (!(B) will never be
principal for such an inference). If the last inference
r was an instance of a modal rule, say R, there are
four cases:



1. '(E) is principal for r, and r is a basic modal
inference.

2. 1(B) is principal for r, and r is a modalised con-
text inference.

3. !(B) is non-principal for , and r is a basic modal
inference.

4. '(E) is non-principal for r, and r is a modalised
context inference.

Case 1. The result is immediate, from condition 2.

Case 2. T = A®!(B) is the conclusion of a modalised
context inference. Let eo1,...,0,.!1,..., !, be modal
operators, then for some I'y,..., [, Ay, ..., A, and
', A”, we can rewrite the conclusion of r as:
.1F17" ° Fnar// :'( ) ! A17"'7!mAm>AN

From condition 1, TV = A’ is premiss of the prime
part of r, and so:

.nFn7F/ :>!1A17 e

/
.1F17"'7 a!mAﬂ’HA

is a premiss of r. From condition 3, weakening is
strongly admissible and thus we weaken with I and
A" to obtain the desired result.
Case 3. There are two further subcases, one where r
is an instance of a normal rule, and one where r is an
instance of an IW rule. In the former, from !(B) being
non-principal for r, !(B) appears in every premiss of
the inference, as part of the context. We can thus
apply the induction hypothesis to each premiss. To
this set of premisses extended with the new context
involving TV and A’, we apply the instance of r’ of
R which uses that context, and we are done. (The
details are the same as in §4.1).

In the latter case, again the details are similar to
the equivalent case in §4.1 and so are omitted.
Case 4. From condition 3, every modalised context
rule is an IW rule, and therefore suppose that the
conclusion of r was

.1F17 e .nF’rHFN :>|*<5)7 !1A17 Y 'mAma AN

for some modal operators ey,...,e,.!1,..., 1, and
multisets I'y,.... T, A, ..., A and | A" Be-
cause !(B) is non-principal on the right, we must
have that !(B ) € A”. Therefore, let A~ be such that

A" = A~®!(B). We use a new instance of R which
has I + TV and A~ + A’ as the context, and we are
done. 4

Lemma 14 (Left modal rules) Let R be a calcu-
lus containing monoprincipal propositional rules, ba-
sic modal rules, and modalised context rules. The rule

T =1(g), A
I,/ = AA
is strongly admissible in R if
1. IV = A’ is a premiss of the prime part of every
modalised context rule with !(p) principal on the
left.
2. TV = A’ is a premiss of the active part of every
basic modal rule with () principal on the left.

3. Every modalised context rule in R is an IW rule.

Proof. Symmetric to the proof for right modal rules.

_|

It should be noted that these are not true invert-

ibility results; we do not reconstruct the premisses of

a modal rule exactly, but we derive weakened versions
of the premisses of a modal rule.

8.1 Examples

Consider the calculus for classical propositional logic
extended with modalities; in other words, G3cp to-
gether with the four rules:

Or = ¢, OA
ar, I/ = 0¢, CA, A’

RO

o= A

T,06= A P

I'=¢,A

T = og A 1©

ar, ¢ = ©A
ar, ©¢,I' = OA, A/

Lo

If a derivation in this system had root I' = A ¢ OA
at height n, then we can use the first lemma to assert
that I' = A @ A is derivable at height < n. Only in-
ferences based on RO have OA principal on the right
and:

= A

is a premiss of the prime part of every such inference;
we can apply the lemma, which justifies the assertion.
However, the rule:
I'= <09, A
I'=¢,A

is not strongly admissible in this system, and we can-
not apply our lemmata. In general:

= ¢
will not be a premiss of the prime part of every

modalised context inference which has <¢ principal
on the right:

oo = ¢, O(A, ¢)
Or = Oy, O(A, ¢)

has ¢¢ principal on the right, but only = ¥ as a
premiss of the prime part of the rule.

9 An Isabelle Implementation

The results we have implemented are of a slightly dif-
ferent nature from those given in the previous sec-
tions. There, we took a sequent calculus, extracted
the active parts, and reasoned about them. In the im-
plementation, we rather define a sequent calculus by
giving the active parts and defining a sequent calculus
as the extensions, with context, of the active parts.
The notation is as follows; if R is a set of active parts,
then R* is the set of extensions of the active parts.
In other words, R* is the sequent calculus we have
defined.

In this setting, we have approximately formalised
the results from §4.1,4.2,7 except that we have im-
posed the further restriction that all rules be normal
rules, and so the premisses and conclusions are ex-
tended with the same multisets of formulae. We have
also formalised the result from §8. We show an ex-
ample of the invertibility of G3cp. We have some
abbreviations, so Conj [4, B] is written in Isabelle as
AN B.



inductive-set G3cp

where
conlL:

| ([LAS + {BS =% 0], {A A B =% 0) € GScp
conR:

| ([0 = LAS, 0 == {BS], 0 =% {A A BS§) € G3cp
disL:

| (LAS =% 0, {BS == 0], (A vV B =x 0) € G3cp
disR:
([0 == LAS + 1BS], ® =% {AV BS) € G3cp

| émpL:

| ([@p:M LAS, (BS == 0], {A D Bf == 0) € G3¢cp
impR:
(045 =+ 1BS], 0 == 1A > BS) € Gep

We first show that this set of active parts is a sub-
set of the monoprincipal active parts. This is straight-
forward:

lemma G3cpSubset:
shows G3cp C scRules
proof—

{

fix ps ¢

assume (ps,c) € G3cp

then have (ps,c) € scRules by (induct) auto

thus G3cp C scRules by auto
qed

We show that the rule R D is invertible in G3cp.
We have to show that, for every rule in G3cp, if AD B
is principal on the right for r, then A = B is in the
premisses of 7. Since there is only one rule with AD> B
on the right, this is simple.
lemma impRInvert:
assumes (I' =x A & (ADB),n)

€ derivable (G3cp U idRules)x
shows 3 m<n. (U ® A =+ A ® B,m)
€ derivable (G3cp U idRules)x
proof—
have V r € G3cp. rightPrincipal r (ADB) —
(LAS = {BS) € set (fstr)

proof—

{fix r

assume a:r € G3cp

assume rightPrincipal r (ADB)

then obtain Ps where b:r = (Ps,0 =x* { ADBS)

by (cases r) auto
with a have Ps = [{A§ =x {Bf]

apply (cases r) by (rule G3cp.cases) auto
with b have ({A§ == {BS) € set (fst r)

by auto

}
thus ?thesis by (auto)
qed
with assms show ?thesis
using rightInvertible by (auto simp add: G3cpSubset)
qed

It is possible to suppress output from an Isabelle
build, see (Nipkow et al. 2005) for further details. The
only details that have been suppressed are the names
of additional facts passed to the Isabelle system, and
the instantiations of variables in the applied lemma
rightInvertible. In the I#TEX markup, we have also
altered the appearance of some symbols to aid read-
ability.

Even though the reader may be unfamiliar with
the syntax of Isabelle/Isar, one can see that the above
proof is quite succinct. As a comparison, to prove the
same lemma by a direct method in Isabelle would take
roughly 100 lines (Chapman 2008b), whereas here it
takes 18 lines. The more rules which are present
in a system, the greater the disparity between the
two approaches. This is because we need to manu-
ally perform the inversion when the formula, in this
case A D B, is not principal for the last inference.
The more primitive rules there are in a calculus, the
greater the number of non-principal cases one has to
consider.

10 Conclusions and Further Work

The syntactic criteria we give for a rule to be invert-
ible are simple. Moreover, they are general enough to
be applicable in a large number of cases. We stated
in §1 that we would like to be able to prove effec-
tively Cut admissibility, and other such results, in Is-
abelle. The generic lemmata presented here eliminate
the need to prove invertibility results for specific cal-
culi by direct methods. Such results usually account
for a large portion of the formalisations, for instance
in (Chapman 2008b) the proofs of invertibility are 323
lines of proof, in a 720 line file, and in (Chapman
2008a) (a formalisation of (Dyckhoff & Negri 2000)),
they consist of 955 lines of proof in a 2100 line the-
ory file, where the goal is to prove the admissibility of
Contraction for G4ip. In both cases, the seemingly
trivial lemmata account for roughly half of the total
size of the file.

Another obvious avenue of investigation is that of
necessary conditions for invertibility. Such conditions
are more difficult to come by: showing a sequent is not
derivable at a given height is often achieved by a brute
force search to find no valid derivations. However, this
relies upon derivability being decidable.

There are still portions of this paper which have
not been formalised. The results for §8, along with
the more general result from §6.2, have not been for-
malised. As stated in §2, the notation for specifying
formulae is clumsy for giving the rules of a sequent
calculus. Were we able to give conditions for when a
general axiom to be admissible, i.e.

Io=¢,A

for any ¢, then we could introduce polymorphism
into the work. Rather than have such things as ax-
ioms, however, we would rather want them as derived
rules, with premisses. If they were axioms (i.e. zero
premiss rules with height 0), then the base case in
the proofs would fail. For, consider the case where

I = A @ #4(A) was derivable at height 0, and more-

over came from an axiom with %;(A4) as the distin-
guished formula. In general, I' = A will not be deriv-
able, and so neither will '+ TV = A + A/,

As noted in §9, there is a mismatch between the
definition of a sequent calculus in Isabelle, and that
which we give in §2. Suppose that the active parts
of a decomposable sequent calculus, R, were denoted

by R. Then, we would have that the two approaches
outlined could be shown to be equivalent if

(R)* =R

Since a sequent calculus is given, in this sense, by a
set of rules, we need to show that

1. (R)*CR

2. R C (R)*

The latter is simple to show, however the former is not
immediately obvious. If we restrict R to consisting
entirely of normal rules, then the equivalence holds.

A wider variety of calculi could be considered.
Various linear logics do not fit into the framework
presented in this paper. We hope to work on direc-
tions such as linear logic in the future.

We submit that, with some work in the areas sug-
gested, Isabelle can be made a more effective tool for
formalising results in structural proof theory. Fur-
thermore, we submit that the results in this paper
are worthwhile in their own right.
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