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Abstract

Process complexity is one of the basic variants of Kol-
mogorov complexity. Unlike plain Kolmogorov com-
plexity, process complexity provides a simple charac-
terization of randomness for real numbers in terms of
initial segment complexity. Process complexity was
first developed in (Schnorr 1973). Schnorr’s defini-
tion of a process, while simple, can be difficult to work
with. In many situations, a preferable definition of a
process is that given by Levin in (Levin & Zvonkin
1970). In this paper we define a variant of process
complexity based on Levin’s definition of a process.
We call this variant strict process complexity. Strict
process complexity retains the main desirable prop-
erties of process complexity. Particularly, it provides
simple characterizations of Martin-Löf random real
numbers, and of computable real numbers. However,
we will prove that strict process complexity does not
agree within an additive constant with Schnorr’s orig-
inal process complexity.

One of the basic properties of prefix-free complex-
ity is that it is subadditive. Subadditive means that
there is some constant d such that for all strings σ, τ
the complexity of στ (σ and τ concatenated) is less
than or equal to the sum of the complexities of σ and
τ plus d. A fundamental question about any complex-
ity measure is whether or not it is subadditive. In this
paper we resolve this question for process complexity
by proving that neither of these process complexities
is subadditive.

1 Introduction

The basic concept behind Algorithmic Information
Theory is that the inherent complexity of a string
can be quantified by the minimum number of bits of
information needed to describe it. This concept was
first formalized by defining the complexity of a string
σ, as the length of the shortest description of σ with
respect to some universal interpreter. This is known
as the plain Kolmogorov complexity of σ. However,
plain Kolmogorov complexity, while useful for many
purposes, does not truly capture this basic concept
(Downey & Hirschfeldt to appear, Li & Vitányi 1997).
The problem is that the universal interpreter can use
not only the bits within the description, but also the
length of the description to determine its output.

There are several variants of Kolmogorov complex-
ity that attempt to overcome this problem. Each
variant provides different insight into the nature of
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complexity. These variants include the widely used
prefix-free complexity as well as the process complex-
ity introduced in (Schnorr 1973). One reason prefix-
free complexity has been extensively studied is that
the Kraft-Chaitin theorem and the coding theorem
provide an easy means of constructing prefix-free ma-
chines. No similar theorems exist for process com-
plexity and this complexity seems genuinely more dif-
ficult to deal with.

In order to give a formal definition of the com-
plexities we will study, first we will define complex-
ity with respect to a general function. Take any
F : 2<ω → 2<ω (where 2<ω is the set of all finite
binary strings). The complexity of the string σ with
respect to F is:

CF (σ) =

min{|τ | : F (τ) = σ} if ∃τ ∈ 2<ω,
F (τ) = σ

∞ otherwise

In the above definition, |τ | refers to the length of
the string τ . We define the plain Kolmogorov com-
plexity of a string σ to be C(σ) = CU (σ) where U is a
fixed universal Turing machine. We call a finite string
σ random if C(σ) ≥ |σ|. Note that U is a universal
machine for the whole class of Turing machines. One
way to produce variants of Kolmogorov complexity
is to use a universal machine for a subclass of Tur-
ing machines. Two important subclasses of Turing
machines are the class of all prefix-free machines and
the class of all process machines. To understand these
machines, first note that 2<ω has the following nat-
ural partial ordering. If τ1, τ2 ∈ 2<ω then we define
τ1 ≤ τ2 to hold if τ2 is an extension of τ1. A subset
A of 2<ω is called prefix-free if it is anti-chain with
respect to this partial ordering, or alternatively if for
all distinct τ1, τ2 in A, τ1 6≤ τ2.

A prefix-free machine is a partial computable func-
tion 2<ω → 2<ω whose domain is a prefix-free set.
It can be shown that there exists a universal prefix-
free machine and by fixing U this time as a universal
prefix-free machine we can similarly define the prefix-
free complexity of σ by K(σ) = CU (σ).

Another natural subclass is the class of all process
machines. The key idea about a process is that it
preserves the ordering on 2<ω making its action con-
tinuous.

Definition 1.1. A process machine is a partial com-
putable function M : 2<ω → 2<ω such that if τ, τ ′ ∈
dom(M), and τ ′ ≤ τ , then M(τ ′) ≤ M(τ).

A natural example of a process is given by the
recordings of moves in a game of chess e.g. 1. e4 e5,
2. Nf3 Nc6 etc. Given the descriptions of the first n
moves, it is possible to replay the game up until that
point. If we extend the description, we can extend
the replay of the game by adding new moves, but we
cannot change any moves already defined.



Again we can take a universal process machine U
and define the process complexity KMD

of a string
σ by KMD

(σ) = CU (σ). This definition of a pro-
cess machine and related complexity was given in
(Schnorr 1973). We follow the notation of (Downey
& Hirschfeldt to appear) by using KMD

to denote
process complexity. Schnorr’s definition of a process
differs slightly from that given by Levin in (Levin &
Zvonkin 1970). We will use the term strict process
machine for Levin’s definition. It is defined as fol-
lows.

Definition 1.2. A strict process machine is a partial
computable function M : 2<ω → 2<ω such that if
τ ∈ dom(M) and τ ′ ≤ τ , then τ ′ ∈ dom(M) and
M(τ ′) ≤ M(τ).

While Levin defined strict process machines, he
did not use them to define a measure of complexity in
the same way as Schnorr. Instead he used strict pro-
cess machines to construct a universal semimeasure
from which he defined another variant of Kolmogorov
complexity (Levin & Zvonkin 1970, Levin 1973).

Both of these definitions of process machines have
merit. Schnorr’s definition corresponds to a homo-
morphism of the domain of M . Levin’s definition has
the following very natural model. This model is al-
most identical to one described in the first paper on
algorithmic randomness (Solomonoff 1964). Take a
three-tape Turing machine M with a read-only one-
way input tape, a one-way write-once output tape,
and a work tape. The first square of the input table
is blank and the input head starts on that square. Let
the machine run. If at any stage M wants to move
the input head of the tape, first we define M(τ) = σ,
where τ is the input string read so far and σ is the
current output on the output tape.

Levin’s definition of a process can be easier to deal
with. This becomes apparent when attempting any
game based proof where the opponent is developing a
process machine. If the opponent must keep the do-
main of the process machine closed under substrings,
then the game becomes much simpler. This is our
main motivation for introducing the following defini-
tion.

Definition 1.3. Given any σ ∈ 2<ω, the strict pro-
cess complexity KMS

(σ) is defined by CU (σ) where
U is a universal strict process machine.

The existence of a universal strict process machine
is established by (Levin & Zvonkin 1970). Note that
a prefix-free machine can be considered as a strict
process machine. This is done as follows. Suppose
M : 2<ω → 2<ω is a prefix-free machine. We take λ
to be the empty string and we define a strict process
machine M ′ as follows:

M ′(σ) =


M(σ) if σ ∈ dom(M)
λ if there exists σ′ > σ and

σ′ ∈ dom(M)
undefined otherwise

It can be shown that if M is partial computable
then so is M ′. Additionally, with the exception of
the empty string, the complexities generated by the
two machines agree. As a strict process machine is
a type of process machine it follows that for all σ,
KMD

(σ) ≤ KMS
(σ) + O(1) ≤ K(σ) + O(1).

It is not immediately apparent that KMD
and

KMS
differ in any significant way. The first result

that we will prove in this paper is that the complex-
ities KMD

and KMS
are different, that is they do

not agree within any additive constant. In fact we

will go further and show that for any a ∈ R with
0 < a < 1, there are infinitely many σ such that
KMS

(σ)−KMD
(σ) > a log log |σ|.

In the opening paragraph, we stated that plain
Kolmogorov complexity did not capture the basic con-
cept behind Algorithmic Information Theory. This
became apparent during attempts to define algorith-
mic randomness for real numbers.1 The intuition is
that a real α should be random if all of its initial seg-
ments are random strings (though we allow deviation
by some constant amount). Thus we would like to be
able to define α as random if C(α � n) ≥ |n| − O(1)
(where α � n is the first n bits of α).

The problem with this attempt at a definition is
that Martin-Löf showed: given any d, then for any
sufficiently long string υ there is an initial segment σ
of υ such that C(σ) < |σ| − d (Downey & Hirschfeldt
to appear). In particular, this proves that there are no
reals α with the property that C(α � n) ≥ |n| −O(1).
Martin-Löf’s proof made direct use of the fact that
a Turing machine can use the bits of a description τ
and additionally another log |τ | bits from the length
of τ to determine its output.

Prefix-free complexity or process complexity can
be used to define randomness for a real number based
on initial segment complexity (Schnorr 1973, Chaitin
1987). If we say that a real α is random if for all n,
Q(α � n) ≥ n − O(1) where Q is either K, or KMD

,
then we get a non-empty class of random reals. Now
it does not matter which of the two we choose Q to
be because they both give rise to the same class of
random reals. The class is in fact the class of Martin-
Löf random reals, the most commonly used notion of
randomness in algorithmic information theory. This
shows that prefix-free machines and process machines
are unable to use those extra log |τ | bits. As the com-
plexity KMS

lies between K and KMD
it follows that

if we replace Q by KMS
, we still get the same class

of random reals. Hence strict process complexity re-
tains the desirable property of process complexity by
providing a simple characterization of the Martin-Löf
random reals.

Additionally, like process complexity, strict pro-
cess complexity provides a simple characterization
of computable reals. A real α is computable if
and only if KMS

(α � n) ≤ KMS
(n) + O(1) where

KMS
(n) = KMS

(1n) (1n is the string formed by re-
peating 1 n times). The non-trivial direction follows
because KMS

(n) ≤ log(n) + O(1) and C(α � n) ≤
KMS

(α � n) + O(1). Hence if for some α, KMS
(α �

n) ≤ KMS
(n) + O(1), then C(α � n) ≤ log(n) + O(1)

and so α is computable by a theorem of Chaitin’s
(Downey & Hirschfeldt to appear).

Martin-Löf’s proof also showed that plain Kol-
mogorov complexity is not subadditive. That is to
say, for any d there exists strings σ, τ such that
C(στ) > C(σ) + C(τ) + d where στ is the string
formed by appending τ to the end of σ. It does this
because we can take a random finite string υ that has
an initial segment σ with C(σ) < |σ| − d. Now if τ
is chosen so that στ = υ then C(στ) ≥ |σ| + |τ | >
C(σ)+ d+C(τ)− i where i is the length of the index
of the identity function in U . As i is fixed we can
make d− i arbitrarily large. Thus we have that plain
Kolmogorov complexity is not subadditive. On the
other hand, prefix-free complexity is an example of a
complexity that is subadditive.

The second result that we will prove is that both
process complexity and strict process complexity are
not subadditive. The proof Martin-Löf used for plain
complexity cannot be adapted to process complexity.
This is because given a random real α, it is true that

1A real is identified as an infinite binary string.



KMD
(α � n) ≥ n − O(1) i.e. there are no arbitrary

drops in initial segment complexity. Thus the ques-
tion as to whether these complexities are subadditive
requires new techniques. In particular we need to
use non-random strings. The new techniques used for
building and analyzing process machines introduced
here may well have wider application.

1.1 Conventions

The set of all binary strings of length n, the set of
all finite binary strings, and the set of all infinite bi-
nary strings will be denoted by {0, 1}n, 2<ω, and 2ω

respectively. The empty string will be represented by
λ. The relation ≤ on 2<ω × (2<ω ∪ 2ω) is defined by
σ ≤ τ if σ is an initial segment of τ . We say σ < τ
if σ ≤ τ and τ 6≤ σ. If σ 6≤ τ and τ 6≤ σ, then τ and
σ are said to be incomparable written σ | τ . The op-
eration of appending a string τ to the end of a finite
string σ, will be represented by στ . If σ ∈ 2<ω let |σ|
be the length of σ and if i ∈ N with 1 ≤ i ≤ |σ| let
σ(i) be the ith bit of σ.

The main proofs in this paper will be combina-
torial in nature. They will make use of some basic
properties of Cantor space. Cantor space is the topol-
ogy on 2ω defined by taking {[σ] : σ ∈ 2<ω}, where
[σ] = {σα : α ∈ 2ω} for each σ ∈ 2<ω, as a ba-
sis of open sets. If X ⊆ 2<ω, then [X] =

⋃
σ∈X [σ].

The Lebesgue measure on Cantor space µ is the outer
measure obtained by defining µ([σ]) = 2−|σ| for all
open sets [σ] in the basis. The main properties of
Cantor space that we need are as follows. Firstly
µ(2ω) = µ([λ]) = 1. Secondly if τ1 and τ2 are incom-
parable elements of 2<ω then [τ1] ∩ [τ2] = ∅. This
implies that if A ⊆ 2<ω is a prefix-free set, then
µ([A]) =

∑
σ∈A 2−|σ|.

Given a partial computable function M : X → Y
and x ∈ X, we write M(x) ↓ if x is an element of the
domain of M and M(x) ↑ otherwise. Further, if we
are regarding M as a Turing machine, we will write
M(x)[s] ↓ if M halts on input x within s computa-
tional steps, and M(x)[s] ↑ otherwise.

Logs used are all base 2 and are rounded up to the
nearest integer value. By convention log 0 = 0.

2 Strict process complexity and process com-
plexity

In this section we will show that strict process com-
plexity and process complexity are in fact different.
As the universal strict process machine is a process
machine, there is some constant d such that for all
σ ∈ 2<ω:

KMD
(σ) ≤ KMS

(σ) + d

We want to show that this inequality cannot be
reversed and so strict process complexity and process
complexity do not agree within an additive constant.
To show this, we will make use of the fact that the
universal strict process machine has a computable ap-
proximation. Let U be a universal strict process ma-
chine. For all s ∈ N, define:

Us =
{

U(τ) if U(τ)[s] ↓
↑ otherwise

Because U is a strict process machine, we can take our
approximation to have the property that if Us(τ) ↓=
σ and τ ′ < τ then there is some σ′ ≤ σ such that
Us(τ ′) ↓= σ′.

In lemma 2.3, we will show that for any i ∈ N, we
can construct a process machine fi such that there ex-
ists a string σi with Cfi(σi) + i < KMS

(σi). Once we

have done this, it will not be too difficult to combine
these machines to prove that strict process complex-
ity and process complexity do not agree within an
additive constant.

To understand the ideas behind the proof of lemma
2.3, let us take the case i = 1 as an example. We
will construct a process machine f1. When we con-
struct this machine, we are able to first define f1 for
all strings of length 3. Then at a later stage, we
have the option of defining f1 for strings of length
2 and even later for strings of length 1. This op-
tion is not available to the universal strict process
machine U . Once a string τ is added to the do-
main of U , all initial segments of τ must be added
as well. Our definition of f1 starts as follows. First
let τ = abc be any binary string of length 3, i.e.
a, b, and c are the first, second and third bits of τ
respectively. We define f1 by f1(abc) = a8b16c e.g.
f1(010) = 0000000011111111111111110. We can con-
sider this as ‘stretching’ all but the last bit of the the
string abc.

Now we wait until some stage s1, when for all τ ∈
{0, 1}3, CUs1 (f1(τ)) ≤ 4. If this never happens then
we have finished because for some τ ∈ {0, 1}3,

KMS
(f1(τ)) = lim

s→∞
CUs(f1(τ))

> 4
= |τ |+ 1

= Cf1(f1(τ)) + 1

So assume such a stage s1 occurs. For all τ ∈
{0, 1}3, let ρτ be some string in the domain of Us1
such that |ρτ | ≤ 4 and Us1(ρτ ) = f1(τ). Let A1 be
the set of all such ρτ . Note that A1 must be a prefix-
free set and |A1| = 23. If it is not, then there is some
τ, υ ∈ {0, 1}3 with: τ 6= υ; ρτ , ρυ ∈ A1; and ρτ ≤
ρυ. But this would mean that f1(τ) = Us1(ρτ ) ≤
Us1(ρυ) = f1(υ) which contradicts our definition of
f1. It follows that µ([A1]) ≥ |A1|2−4 = 1

2 .
We will now define f1 for all binary strings of

length 2. Given any two bit binary string ab, there
must be some string a8bk with 1 ≤ k ≤ 16 such that
CUs1 (a8bk) > 3. This is true because there are at
most 15 strings whose complexity is less than or equal
to 3 (as there are only 15 such descriptions). Now we
define f1(ab) = a8bk. Now consider for a moment
how the universal strict process machine can respond
to this. Because U is a strict process machine, if τ is
any initial segment of a string in A1, then U(τ)[s1] ↓.
So if |τ | ≤ 3, then U(τ) 6= f1(ab) for any a, b ∈ {0, 1}.
This means that in order to reduce the complexity of
f1(ab) to 3 or less, U needs to find a short description
that is not an initial segment of an element of A1.

Again we wait until some stage s2, when for all
τ ∈ {0, 1}2, CUs2 (f1(τ)) ≤ 3. If this never happens
then again our objective is achieved. If this stage
does occur then for all τ ∈ {0, 1}2, let ρτ be some
string in the domain of Us2 such that |ρτ | ≤ 3 and
Us2(ρτ ) = f1(τ). Let A2 be the set of all such ρτ .
Again µ([A2]) ≥ |A2|2−3 = 1

2 . We want to show that
[A1] ∩ [A2] = ∅. Take any ρ1 ∈ A1 and ρ2 ∈ A2.
|U(ρ1)| > |U(ρ2)| so we know that ρ1 6≤ ρ2. Now
let us show that U(ρ2)[s1] ↑. If U(ρ2)[s1] ↓, then
CUs1 (U(ρ2)) ≤ |ρ2| ≤ 3. So by our construction of
f1, f1(ab) 6= U(ρ2) for any a, b ∈ {0, 1}. This is a
contraction and so U(ρ2)[s1] ↑. As U(ρ1)[s1] ↓ so it
must be that ρ2 6< ρ1 because U is a strict process
machine. Hence ρ1 and ρ2 are incomparable and so
µ([dom(Us2)]) ≥ µ(A1) + µ(A2) = 1.

Finally we define f1(0) = 0k for some 1 ≤ k ≤ 8



such that CUs2 (0k) > 2 (there must be some k as
there are only 7 possible descriptions of length less
than or equal to 2). Consider any υ ∈ 2<ω. As
µ(A1 ∪ A2) = 1, either υ is an initial segment, or
an extension, of some element ρ ∈ A1 ∪ A2. If υ > ρ
and U(υ) ↓ then U(υ) ≥ U(ρ) and so U(υ) 6= f1(0).
If υ ≤ ρ, then U(υ)[s2] ↓ so if U(υ) = f1(0) then
it must be that |υ| > 2 (as we chose f1(0) so that
CUs2 (f1(0)) > 2). Hence:

Cf1(f1(0)) + 1 = 1 + 1

< CU (f1(0))
= KMS

(f1(0))

The main idea is that if the universal strict pro-
cess machine attempts to respond each time strings
are added to the domain of f1, then it will run out
of measure. The key point is that during the con-
struction of f1, we can reuse measure by using initial
segments of strings already in the domain of f1. On
the other hand, U needs to add new measure into its
domain at each response. To adapt this argument
to hold for any i, let us start with a lemma giving a
lower bound on the measure of the domain of a strict
process machine.

Lemma 2.1. If {(τ1, σ1), . . . , (τn, σn)} is a set of or-
dered pairs such that for all i, j ∈ N, 1 ≤ i, j ≤ n,
U(τi) = σi; and if i 6= j then:

1. σi 6= σj; and

2. σi > σj implies that there exists an s such that
Us(τi) ↓ and Us(τj) ↑;

then µ([dom(U)]) ≥
∑n

i=1 2−|τi|.

Proof. We will show that the τi form an prefix-free
set. Choose any i 6= j. If σi | σj then as U is a
process machine, τi | τj . If σi > σj then there exists
an s such that Us(τi) ↓ and Us(τj) ↑, so as U is a
strict process machine τj is not an initial segment of
τi. Further τj cannot extend τi as this would imply
that σj ≥ σi. Hence τi | τj . Similarly if σj > σi then
τi | τj as well.

We will formalize the notion of stretching a string
as follows.

Definition 2.2. If g : N → N, then ĝ : 2<ω → 2<ω is
defined by:

ĝ(τ) = τ(1)g(1)τ(2)g(2) . . . τ(|τ |)g(|τ |)

For example if g is the identity function, then
ĝ(0101) = 01120314 = 0110001111.

Lemma 2.3. For all i ∈ N, there exists a process
machine fi and a string σi such that:

Cfi(σi) + i < KMS
(σi).

Proof. Again we take U to be the universal strict pro-
cess machine. We looked at the case f1 as an example.
In this case we started by defining f1 for strings of
length 3, and then for strings of progressively shorter
lengths. For the general case, we will start by defin-
ing fi for strings of length 2i +1. If necessary we will
define fi for strings of length 2i, 2i − 1, 2i − 2 and
so on. Our prompt to extend the domain of fi is if
at some stage s, the universal strict process machine
has made CUs(σ) ≤ Cfi(σ) + i for all elements σ in
the domain of fi at stage s.

We define gi : N → N by gi(n) = 2n+i+1. We
will use gi in order to stretch strings. gi is defined
like this because for any n, there are only 2n+i+1 − 1
descriptions of length less than or equal to n + i. By
making gi(n) larger than this, we know that at any
stage s, we can always find initial segments of the
stretched string without descriptions of length ≤ n+i
in Us.

The construction of fi proceeds as follows. At
stage 0, first set l0 = 2i + 1. Then for all τ ∈ {0, 1}l0

set fi(τ) = ĝi(τ � (|τ | − 1))τ(|τ |) i.e. we use gi to
stretch all but the last bit of τ .

At stage s + 1, if there exists some τ ∈ {0, 1}ls

such that CUs(fi(τ)) > |τ |+ i, then set ls+1 = ls and
go to the next stage.

Otherwise, we know that for all τ ∈ {0, 1}ls ,
CUs(fi(τ)) ≤ |τ | + i. Now we will extend the do-
main of fi. We set ls+1 = ls−1. For all τ ∈ {0, 1}ls+1

and for all k ∈ N, 1 ≤ k ≤ gi(|τ |). Let στ,k = ĝi(τ �
(τ − 1))τ(|τ |)k. As there are 2|τ |+i+1 possible values
of k, it follows that for any τ , there must be some k
such that: CUs(στ,k) > |τ |+ i because there are only
2|τ |+i+1 − 1 descriptions of length less than or equal
to |τ |+ i. For all τ ∈ {0, 1}ls+1 , let στ = στ,k for such
a k and set fi(τ) = στ .

To verify the construction we will first show that
for all s, ls > 0. We will prove this by showing that
the alternative implies that U runs out of measure.
If ls = 0 for some s, then for all τ ∈ 2<ω such that
1 ≤ |τ | ≤ 2i + 1, KMS

(fi(τ)) ≤ |τ | + i because this
is the condition to extend the domain of fi. So for
all such τ we can choose a string ρτ such that (i)
|ρτ | ≤ |τ | + i, (ii) U(ρτ ) = fi(τ) and such that no
other string with properties (i) and (ii) halts before
U(ρτ ) halts.

Now take the set A = {(ρτ , fi(τ)) : τ ∈ 2<ω, 1 ≤
|τ | ≤ 2i + 1}. Consider any τ1, τ2 ∈ 2<ω, 1 ≤
|τ1|, |τ2| ≤ 2i +1, and τ1 6= τ2. First fi(τ1) 6= fi(τ2) as
fi is injective. If fi(τ1) < fi(τ2) then by construction
this implies that τ1 < τ2. Now fi is defined for τ1
after fi is defined for τ2. Further if fi(τ1) is defined
at stage t + 1, it must be that:

1. CUt(fi(τ2)) ≤ |τ2|+ i; and

2. CUt(fi(τ1)) > |τ1|+ i.

(1) follows as this is required to extend the domain
of fi to strings of length < |τ2|. (2) follows by our
choice of fi(τ1). Now by (i) and (ii), (1) implies that
Ut(ρτ2) ↓ and (2) implies that Ut(ρτ1) ↑. The set A
therefore meets the conditions of lemma 2.1 and this
implies that:

µ([dom(U)]) ≥
∑

τ∈2<ω,1≤|τ |≤2i+1

2−|ρτ |

≥
∑

τ∈2<ω,1≤|τ |≤2i+1

2−|τ |−i

= 2−i(2i + 1) > 1

A contradiction and so for all s, ls > 0.
Let n = min{ls : s ∈ N}. It follows that for some

τ ∈ {0, 1}n, for all s, CUs(fi(τ)) > |τ | + i and hence
KMS

(fi(τ)) > |τ | + i. Thus we can take σi = fi(τ),
and we have that Cfi(σi) + i = |τ |+ i < KMS

(σi).
Finally, fi is a process machine because consider

any τ1, τ2 ∈ dom(fi) and τ1 < τ2. We have that:
fi(τ1) ≤ ĝi(τ1) ≤ ĝi(τ2 � (τ2 − 1)) ≤ fi(τ2).

Note that lemma 2.3 is uniform.



Theorem 2.4. KMD
and KMS

do not agree within
an additive constant.

Proof. Define a process machine f by f(0i1τ) =
f2i(τ). Let c be the length of the index of f in the
universal process machine. Now given any d, take
i = 2(c + d + 1). By lemma 2.3, there exists some σi

such that Cfi(σi) + i < KMS
(σi), so:

KMD
(σi) + d ≤ Cf (σi) + d + c

≤ Cfi(σi) + d + c +
i

2
+ 1

= Cfi(σi) + i

< KMS
(σi)

In fact we can go further and prove that this
constant can be replaced with a function of order
log log(n) where n is string length. First note that
we can determine an upper bound on the length of
the σi from lemma 2.3. Because σi = fi(τ) for some
τ with |τ | ≤ 2i + 1, and as we stretch all but the last
bit of τ we know that:

|σi| ≤ 1 +
2i∑

n=1

gi(n)

= 1 +
2i∑

n=1

2n+i+1

= 1 + 2i+2
2i−1∑
n=0

2n

= 1 + 2i+2(22i

− 1)

< 22i+i+2

It will be easier to express this as log |σi| < 2i +
i + 2.

Theorem 2.5. Given any a ∈ R, 0 < a < 1, then
there exist infinitely many σ such that:

KMS
(σ)−KMD

(σ) > a log log |σ|.

Proof. Given any such a choose k ∈ N>0 such that
a < 1 − 1

k . Now define a process f : 2<ω → 2<ω

by f(0i1τ) = f2ki(τ). Let c be the length of the
index of f in the universal process machine. Choose
any d ∈ N such that 2k − 1 divides c + d + 1. Now
let i = 2k(c+d+1)

2k−1 . Hence i is a positive integer, and
i = c + d + 1 + i

2k . This implies that i
2k is a positive

integer too. Let σd = σi from lemma 2.3. We know
that:

KMD
(σd) + d ≤ Cf (σd) + c + d

= Cfi(σd) + c + d + 1 +
i

2k

= Cfi(σd) + i

< KMS
(σd)

Also we know that:

log |σd| < 2
2k(c+d+1)

2k−1 +
2k(c + d + 1)

2k − 1
+ 2

= c1 +
2k

2k − 1
d + c2 · 2

2k
2k−1 d

where c1 and c2 are constant. Let j = k
(2k−1)(2k−2) .

As there are infinitely many d that we can choose,
we can consider those d such that 2jd ≥ max(c1 +

2k
2k−1d, c2, 2). So we have that:

log |σd| < 2jd + 2jd2
2k

2k−1 d

= 2jd(1 + 2
2k

2k−1 d)

≤ 2jd(2
2k

2k−1 d+jd)

= 2
2k

2k−1 d+2jd

= 2
k

k−1 d

The last step follows because:

2k

2k − 1
+ 2j =

2k

2k − 1
+

2k

(2k − 1)(2k − 2)

=
4k2 − 2k

(2k − 1)(2k − 2)

=
k

k − 1

So log log |σd| < k
k−1d and hence we have that:

a log log |σd| <
k − 1

k
log log |σd| < d

So for these such d:

KMD
(σd) + d < KMS

(σd)
⇒ KMD

(σd) + a log log |σd| < KMS
(σd)

⇔ KMS
(σd)−KMD

(σd) > a log log |σd|

There are infinitely many d that meet the conditions
we require so the result follows.

Theorem 2.5 gives a lower bound on the difference
between KMD

and KMS
. A basic upper bound on

the difference between these complexities is that for
all σ, KMS

(σ) − KMD
(σ) ≤ 2 log |σ| + O(1). This

holds because the difference between monotone com-
plexity KM (a related complexity) and prefix-free
complexity is bounded above by the same amount
and both KM (σ) ≤ KMD

(σ) + O(1) and KMS
(σ) ≤

K(σ)+O(1)(Li & Vitányi 1997). This leaves an open
question with respect to the difference between these
two complexities – which of these two bounds can be
improved?

3 Process complexity is not subadditive

Our objective for this section is to prove that process
complexity and strict process complexity are not sub-
additive. We will present the proof for process com-
plexity but it holds without modification for strict
process complexity as well.

Theorem 3.1. Let U be a universal process machine.
For any d ∈ N, there exists a σ, τ such that:

KMD
(στ) > KMD

(σ) + KMD
(τ) + d.

We will prove this theorem by giving short descrip-
tions to a lot of strings. We will argue combinatorially
that one of these strings σ, must have an extension
στ such that the desired property holds. The follow-
ing lemma expresses a basic combinatorial fact about
process machines.



Lemma 3.2. If A ⊆ 2<ω is a prefix-free set, then:∑
σ∈A

2−KMD
(σ) ≤ 1

Proof. Consider B = {τσ : σ ∈ A} where τσ is a
shortest description of σ with respect to the universal
process machine U . If τ1, τ2 are distinct elements of
B, then U(τ1) and U(τ2) are incomparable (as they
are both in A). Therefore because U is a process
machine we have that τ1 6≤ τ2. Hence B is an prefix-
free set as well and the result follows because:∑

σ∈A

2−KMD
(σ) =

∑
τ∈B

2−|τ | = µ([B]) ≤ 1

Let g : N → N be the constant function g(x) = 2.
Now the function ĝ : 2<ω → 2<ω is a process (recall
the definition of ĝ in section 2). For all i, we can
define Ai = {ĝ(τ) : τ ∈ {0, 1}i}. So A0 = {λ}, A1 =
{00, 11}, A2 = {0000, 0011, 1100, 1111} etc.

As ĝ is a process, there is some constant cg such
that for all ρ ∈ Ai, KMD

(ρ) ≤ i+cg = |ρ|−i+cg. The
Ais are our sets of strings with short descriptions.

For all m, i such that m ≥ 2i + 2, we define
Bm

i = {σ ∈ {0, 1}m : ∃ρ ∈ Ai(ρ01 ≤ σ or ρ10 ≤ σ)}.
The Bm

i s are the sets of extensions that we will exam-
ine. It is important to note that we have constructed
the Bm

i s so that if i 6= j then Bm
i ∩Bm

j = ∅. We will
explain the reason for this using an example. Con-
sider σ = 00110100. Because σ extends an element
of A2, 0011, we want to place σ in B8

2 and not in B8
1

even though σ extends 00 as well. This is because if
we break σ into the strings 0011 and 0100 then the
difference between the length of the first string 0011,
and the length of its ĝ description is 2 (ĝ(01) = 0011).
This is larger than the difference between the length
of 00 and the length of its ĝ description. We need to
use the larger difference for the following argument to
hold.

Note that |Bm
i | = |Ai| ·2 ·2m−2i−2 = 2m−i−1. Now

we will use the following lemma to find the extension
we want.

Lemma 3.3. Given any e ∈ N, ∃m, i, σ with σ ∈ Bm
i

such that KMD
(σ) > |σ| − i + e.

Proof. Take m = 2e+3 and assume that no such i, σ
exist. If so, then:

∑
σ∈{0,1}m

2−KMD
(σ) ≥

m
2 −1∑
i=0

∑
σ∈Bm

i

2−KMD
(σ)

≥
m
2 −1∑
i=0

∑
σ∈Bm

i

2−|σ|+i−e

=

m
2 −1∑
i=0

|Bm
i |2−m+i−e

=

m
2 −1∑
i=0

2m−i−12−m+i−e

= (
m

2
)2−e−1

> 1

This is a contradiction by lemma 3.2 as {0, 1}m is a
prefix-free set.

Proof of theorem 3.1. The identity function is a pro-
cess so there is some constant ci such that for all
σ ∈ 2<ω, KMD

(σ) ≤ |σ| + ci. Now given any d,
choose e = d + ci + cg. From the previous lemma,
there exists some m, i, υ with υ ∈ Bm

i such that
KMD

(υ) > |υ| − i + e. Now set σ = υ � 2i so σ ∈ Ai

and thus KMD
(σ) ≤ |σ| − i + cg. Choose τ so that

στ = υ. Now KMD
(τ) ≤ |τ | + ci. Combining these

results gives us that:

KMD
(σ) + KMD

(τ) + d ≤ |σ| − i + cg + |τ |+ ci + d

= |στ | − i + e

< KMD
(στ)
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