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The Double Oscillation Mode Revisited
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Figure 10: Double Spring Arrangements

Recall that two ‘views’ were possible, one for each
mass, and that this system was said to have up
to two Eigen-solutions, with resonant frequency ω2

such that

ω
2

=
−k(A − 2B)

mB
=

−k(B − 2A)

mA

=
k

m
, when A = B, vibrating in-sync (50)

=
3k

m
, when A = −B, vibrating anti-sync (51)

S2-2003

Chaos 12-3

The above equations can also be applied to a
double pendulum when the swing amplitudes are
low (sin θ ≈ θ)

ePivot pts
C
C
C
CC~
C
C
C
CC~

A = B

e
C
C
C
CC~
�
�
�
��~

A = −B

-

-

-

�

Figure 11: Two modes for Double Pendulums

The single and double pendula can also be driven

with a forcing amplitude of a. The pivot point
of the pendula is moved vertically with a time-
varying height h = a cosωt.
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Figure 12: Two modes for Double Pendulums
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The behaviour of both pendula can be chaotic
under some circumstances, but generally there is a
stable end state for both pendula. This end state
may be

• periodic. For example, the single pendulum
may swing around with a fixed period, or the
double pendulum may form a dance which
repeats itself.

• convergent. For example, the pendula rest
vertically - up or down.

The process is chaotic because the ultimate end-
state for any configuration is extremely sensitive
to the initial conditions.
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The Three Body Problem

When two planets are orbiting each other in
stable orbits, their relative position is fairly
straightforward. Henry Poincaré proved at the
turn of the century that when a third body is
added, the resultant motion cannot be analytically
determined, and is often extremely complicated.
He called it the N-body problem.

Circular orbits if 
r1/r2 = m1/m2

C

Figure 13: Two bodiesFigure 14: Three bodies
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Chaos

From Newton’s time, we were told that given good
knowledge of essential parameters, we culd make
accurate predictions of the future. For example,
given the positions, masses and velocities of the
planets, we could predict for long nito the future,

We now know that many dynamical systems in
the universe are able to produce vastly different
outcomes, given almost exactly identical initial
conditions - the weather being an obvious example.
This principle is sometimes called the ‘Butterfly
Effect.’ In terms of weather forecasts, the
‘Butterfly Effect’ refers to the idea that whether
or not a butterfly flaps its wings in a certain part
of the world can make the difference in whether
or not a storm arises one year later on the other
side of the world. Sensitive dependence on initial
conditions is one of the hallmarks of chaos.
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Examples of Chaos - the Lorenz Model

Consider a system modelled by the following set of
equations

ẋ = 10(y − x) (52)

ẏ = rx − y − zx (53)

ż = −8

3
z + xy (54)

This set of equations represents a fluid diffusion
model in which r is the imposed difference
temperature between the bottom of the fluid layer
and the top.

When r < 1, the system is stable at x = y = z = 0,
whereas when 1 < r < 24.74, the system has two
stable regions centred on

x = y = ±
√

8

3
(r − 1), z = r − 1

When r exceeds 24.74, the system behaves
chaotically as shown below

S2-2003



Chaos 12-8

Chaos using MSExcel

We can set up the Lorenz Model on MSExcel as
shown below where we have one of two sheets
visible. The r and dt variables are shown at top,
and the initial x0, y0 and z0 values are shown in
gray in columns B to D, row 6. The second sheet
is indentical except that x0 = 5.005.
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Time Evolution of the x Parameter

The plot marked x is the x parameter from the first
sheet against time such that x0 = y0 = z0 = 5.0,
whereas the plot marked xx has x0 = 5.005 as from
the second sheet.

S2-2003

Chaos 12-10

Phase Space Representation

A phase plot is often shown as a function x against
its derivative, ẋ. The phase plot of the lorenz
system shows its characteristic shape here. The
line represents the phase of the second sheet,
whereas for the dots it is the first sheet.
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Two things to notice:

• The transition to randomness is sudden

• Extreme sensitivity to initial conditions

With a system so sensitive to initial condition,
it is should be no surprise that it is sensitive
to integration step size as well. Hence one key
to determining the stability of any integration
solution is the effect of a change of step size. You
know you have a chaotic system if the effect of step
size on the results is drastic.

So now we will look at the process of chaos in detail.
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Routes to Chaos

The onset of chaos in a system can occur is various
forms:

1. Period Doubling

2. Limit Cycles and Quasi-periodicity

3. Intermittency and Crisis
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Routes to Chaos - Period Doubling

Consider the function

xn+1 = Axn(1 − xn) = fA(xn)

This function, called the logistic function (for
historical reasons) might represent a population
size of mayflies from year to year. This class
of functions whose output maps back into the
function on the next generation are called iterated

map functions, and a group of such functions are
called an Iterated Function Systems.

The sequence of xn produced is called an orbit

or locus. For some values of xn, fA(xn) is, or
converges to, a fixed value. (either fA(xn) = 0
or fA(xn) = 1 − 1

A
).
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For example, for A = 0.6, x0 = 0.7, the locus of
points (or orbit) converges to 0 as is shown below.

0 1x
0

1

f(x)

f(x) = x

A = 0.6

0.7

and for A = 1.8, x0 = 0.1, then locus converges to
1 − 1

A

0 1x
0

1

f(x)

f(x) = x

A = 1.8

0.1

1-1/A = 4/9
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Routes to Chaos - Limit Cycles

Now notice what happens when A = 3.1! Although
not obvious on the diagram below, the locus
ends up in a regular cycle perpetually travelling
around the convergent point without ever actually
reaching it.

This behaviour is called a limit cycle and the
intersection point is an strange attractor, with the
region of x where all x0 end up in a limit cycle
about the intersection point called the basin of

attraction.

0 1x
0

1

f(x)

f(x) = xA = 3.1

0.1
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If we were to pick a value of A, pick any x0

between 0 and 1, and iterate 100 times to let the
function approach an attractor, then plot the next
100 values of x, we get the Bifurcation Graph shown
below.
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The Feigenbaum Delta

There are many systems that show period-
doubling behaviour en-route to chaos. The
equation below (a Sine Map),

xn+1 = B sin(πxn)

shows exactly the same behaviour, but at different
B values. We can now call the value of A where the
first period doubling took place, A1 = 3, and the
point where period quadrupling occurred, A2 ≈
3.449. If we did the same for B in the sine map,
we find a remarkable property of these numbers.

Putting

δn =
An − An−1

An+1 − An

Feigenbaum discovered that

lim
n→∞

δn = 4.66920161

which is now called the Feigenbaum delta. Subject
to some constraints, this value is consistent for all
iterated map functions.
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Routes to Chaos - Intermittency/Crisis

The Intermittency route to chaos is characterised
by dynamics with irregularly occurring bursts of
chaotic behaviour, interspersed with intervals of
apparently periodic behaviour. As some control
parameter of the system is adjusted, the chaotic
bursts become longer and longer, until the system
is entirely chaotic.

A crisis is a bifurcation event in which a chaotic
attractor and its basin of attraction suddenly
appears, disappears or changes size or position as
a result of some control parameter being slowly
adjusted. The figure below shows an example of
this,

0 1x
0

1

f(x)

f(x) = x
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Chaotic Mixing - Stretch and Fold

As seen in the last slide, the function between xn

and fA(xn) can cause a group of closely packed
x0 points to be spread over many iterations. An
example of this can be seen in Acheson concerning
the Rossler equations. In their usual form these
are:

ẋ = −y − z (55)

ẏ = x + 0.2y (56)

ż = 0.2 + (x − c)z (57)

The figure below shows c = 5.7. most of the time
z is very small and x and y then evolve as

ẋ = −y (58)

ẏ = x + 0.2y (59)

(60)

so that ẍ − 0.2ẋ + x = 0.
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Stretching causes paths which are close together to
diverge over time, while folding causes the paths
to cross each other in random ways.

An interesting feature of the Rossler equations is
that the mixing is taking place entirely radially. In
otehr words, the different paths are mixing their
distances from the centre but they are all taking
as long to travel around the circle.

In detail, trajectories on the central disk spiral
outward from the centre. Eventually, they rise
up in the z-direction and are then folded back
down again. The disk itself is composed of
an infinite number of layers, but these are so
compressed that trajectories based at different
initial conditions become effectively identical The
result offers irreversibility and sensitivity to initial
conditions - the hallmark of chaotic motion.
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